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SMOOTHING OF NONSMOOTH DIFFERENTIAL SYSTEMS
NEAR REGULAR-TANGENTIAL SINGULARITIES
AND BOUNDARY LIMIT CYCLES
DOUGLAS D. NOVAES AND GABRIEL A. R. VIELMA
ABSTRACT. Understanding how tangential singularities evolves under smoothing pro-
cesses was one of the first problem concerning regularization of Filippov systems. In
this paper, we are interested in Cn-regularizations of Filippov systems around visible
regular-tangential singularities of even order. More specifically, using Fenichel Theory
and Blow-up Methods, we aim to understand how the trajectories of the regularized
system transits through the region of regularization. We apply our results to inves-
tigate Cn-regularizations of boundary limit cycles with even order contact with the
switching manifold.
1. INTRODUCTION
The analysis of differential equations with discontinuous right-hand side dates back
to the work of Andronov et. al [1] in 1937. Recently, the interest in such systems has
increased significantly, mainly motivated by its wide range of applications in several
areas of applied sciences. Piecewise smooth differential systems are used for mod-
eling phenomena presenting abrupt behavior changes such as impact and friction in
mechanical systems [4], refugee and switching feeding preference in biological sys-
tems [14, 17], gap junctions in neural networks [6], and many others.
In this paper, we are interested in planar piecewise smooth systems. Formally, let
M be an open subset of R2 and let N Ă M be a codimension 1 submanifold of M.
Denote by Ci, i = 1, 2, . . . , k, the connected components of MzN and let Xi : M Ñ R2,
for i = 1, 2, . . . , k, be vector fields defined on M. A piecewise smooth vector field Z on
M is defined by
(1) Z(p) = Xi(p) if p P Ci, for i = 1, 2, . . . , k.
Since N is a codimension 1 submanifold of M, for each p P N there exists a neighbor-
hood D Ă M of p and a function h : D Ñ R, having 0 as a regular value, such that
Σ = NXD = h´1(0). Moreover, the neighborhood D can be taken sufficiently small in
order that DzΣ is composed by two disjoint regions Σ+ and Σ´ such that X+ = Z|Σ+
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and X´ = Z|Σ´ are smooth vector fields. Accordingly, the piecewise smooth vector
field (1) can be locally described as follows:
Z(p) = (X+, X´)Σ =
#
X+(p), if h(p) ě 0,
X´(p), if h(p) ď 0, for p P D.
1.1. Filippov Systems. The notion of local trajectories of piecewise smooth vector
fields (1) was stated by Filippov [10] as solutions of the following differential inclu-
sion
(2) p˙ P FZ(p) = X
+(p) + X´(p)
2
+ sign(h(p))
X+(p)´ X´(p)
2
,
where
sign(s) =
$&%
´1 if s ă 0,
[´1, 1] if s = 0,
1 if s ą 0.
This approach is called Filippov’s convention. The piecewise smooth vector field (1)
is called Filippov system when it is ruled by the Filippov’s convention. For more
informations on differential inclusions see, for instance, [18].
The solutions of the differential inclusion (2) are well described in the literature (see,
for instance, [10]) and have a simple geometrical interpretation. In order to illustrate
this convention we define the following open regions on Σ,
Σc = tp P Σ : X+h(p) ¨ X´h(p) ą 0u,
Σs = tp P Σ : X+h(p) ă 0, X´h(p) ą 0u,
Σe = tp P Σ : X+h(p) ą 0, X´h(p) ă 0u.
Here, X˘h(p) = x∇h(p), X˘(p)y denotes the Lie derivative of h in the direction of
the vector fields X˘. Usually, they are called crossing, sliding, and escaping region, re-
spectively. Notice that the points on Σ where both vectors fields X+ and X´ simulta-
neously point outward or inward from Σ constitute, respectively, the escaping Σe and
sliding Σs regions, and the complement of its closure in Σ constitutes the crossing re-
gion, Σc. The complement of the union of those regions in Σ constitutes the tangency
points between X+ or X´ with Σ, Σt. All points contained in the complement of Σt in
Σ are called Σ-regular points.
For p P Σc the trajectories either side of the discontinuity Σ, reaching p, can be
joined continuously, forming a trajectory that crosses Σc. Alternatively, for p P Σs,e =
Σs Y Σe the trajectories either side of the discontinuity Σ, reaching p, can be joined
continuously to trajectories that slide on Σs,e following the sliding vector field,
(3) Zs(p) =
X´h(p)X+(p)´ X+h(p)X´(p)
X´h(p)´ X+h(p) , for p P Σ
s,e.
In the Filippov context, the notion of singular points comprehends, beside the usual
ones, the tangential points Σt and the so-called pesudo-equilibrium, i.e. singularities
of the sliding vector field (3). The tangential points Σt are constituted by the contacts
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between X˘ and Σ. A contact between X˘ and Σ of finite degeneracy is distinguished
in two cases, namely
‚ odd order contact, i.e. there exists k ą 1 such that (X˘)ih(p) = 0 for i =
1, 2 . . . , 2k, and (X˘)2k+1h(p) ‰ 0;
‚ even order contact, i.e. there exists k ą 1 such that (X˘)ih(p) = 0 for i =
1, 2 . . . , 2k´ 1, and (X˘)2kh(p) ‰ 0.
In addition, the even order contact is called visible for X+ (resp. X´) when (X+)2kh(p) ą
0 (resp. (X´)2kh(p) ă 0). Otherwise, it is called invisible. In the above definitions, the
higher order Lie derivatives Xih are defined, inductively, by Xh(p) = x∇h(p), X(p)y
and Xih(p) = X(Xi´1h)(p) for i ą 1.
The tangential singularities of finite degeneracy are given as any combination among
the contacts above and also Σ-regular points. Here, in particular, we shall focuses our
attention in visible regular-tangential singularities, which are formed by a visible even
contact of X+ and a regular point of X´, or vice versa (see Figure 1).
FIGURE 1. Visible regular-tangential singularity.
1.2. Sotomayor-Teixeira Regularization. Roughly speaking, a smoothing process of
a piecewise smooth vector field Z consists in obtaining a one–parameter family of
continuous vector fields Zε converging to Z when ε Ñ 0. A well known smoothing
process is the Sotomayor-Teixeira regularization, which was introduced in [19]. Let
φ : R Ñ R be a C8 function satisfying φ(˘1) = ˘1, φ(i)(˘1) = 0 for i = 1, 2, . . . , n,
and φ1(s) ą 0 for s P (´1, 1). Then, a Cn-Sotomayor-Teixeira regularization (or just
Cn-regularization for short) takes
(4) ZΦε (p) =
1+Φε(h(p))
2
X+(p) +
1´Φε(h(p))
2
X´(p), Φε(h) = Φ(h/ε),
where Φ : RÑ R is defined as the following Cn function
(5) Φ(s) =
"
φ(s) if |s| ď 1,
sign(s) if |s| ě 1.
We call Φ a Cn-monotonic transition function. Proposition 10 provides examples of tran-
sition functions.
4 D. D. NOVAES AND G. A. R. VIELMA
Notice that the vector field ZΦε (p) coincides with X+(p) or X´(p) whether h(p) ě ε
or h(p) ď ´ε, respectively. In the region |h(p)| ď ε, the vector ZΦε (p) is a linear
combination of X+(p) and X´(p).
The Sotomayor-Teixeira regularization is the most widespread smoothing process.
That is mainly because its intrinsic relation with Filippov’s convention. Indeed, in [20],
it was shown that the Sotomayot-Teixeira regularization of Filippov systems gives rise
to Singular Perturbation Problems, for which the corresponding reduced dynamics is
conjugated to the sliding dynamics (3). This kind of relation has been further investi-
gated in [16] for more general transition functions. For more informations on Singular
Perturbation Problems see, for instance, [9, 11].
1.3. Main Goal. Understanding how tangential singularities evolves under smooth-
ing processes was one of the first problem concerning smoothing of Filippov systems.
Indeed, in the earlier work of Sotomayor and Teixeira [19], it is proved that around a
regular-fold singularity of a Filippov system Z, the regularized system ZΦε possesses
no singularities. Recently, based on the findings of [20], some works got deeper results
by studying the corresponding slow-fast problems.
In [3] and [2], asymptotic methods [15] were used to study Cn-regularizations of
generic regular-fold singularities and fold-fold singularities, respectively. In [13] and
[12], the blow-up method introduced in [8] was adapted to study Cn-regularizations
of fold-fold singularities and an analytic regularization of a regular-fold singularity,
respectively.
In this paper, we are interested in Cn-regularizations of Filippov systems around
visible regular-tangential singularities of even order. More specifically, we aim to un-
derstand how the trajectories of the regularized system transits through the regions
h(p) ě ε, |h(p)| ď ε, and h(p) ď ´ε. Accordingly, we characterize two transition
maps, namely the Upper Transition Map Uε(y) and the Lower Transition Map Lε(y) (see
Figure 2). The results are applied to study Cn-regularizations of boundary limit cycles
with even order contact with the switching manifold.
Our first two main results, Theorems A and B, characterize the Upper Transition
Map Uε(y) and the Lower Transition Map Lε(y), respectively. Theorem A generalizes to
degenerate regular-tangential singularities the results obtained in [3] for regular-fold
singularities. The main difference between our problem and the problem addressed in
[3] is that a regular-fold singularity admits a normal form which simplify significantly
the study, whilst here we have to deal with higher order terms. Finally, Theorem C
provides sufficient conditions for the existence of an asymptotically stable limit cycle
of the regularized system bifurcating from a boundary limit cycle of a Filippov system
with degenerated contact with the switching manifold.
1.4. Structure of the paper. In Section 2, we state our main results Theorems A and
B, which characterize the transition maps near Cn-regularizations of visible regular-
tangential singularities, and Theorem C regarding Cn-regularizations of boundary
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x
y
Lε(x)
Uε(y)
Σ
y = ε
y = ´ε
Φ´regularization
Σ
FIGURE 2. Upper Transition Map Uε(y) and Lower Transition Map
Lε(y) defined for Cn-regularizations of Filippov systems around visi-
ble regular-tangential singularities of even order.
limit cycles. In Section 3, we provide a simpler local expression for Filippov systems
around visible regular-tangential singularities as well as some preliminary results. In
Section 4, we apply blow-up methods to study the Fenichel Manifold associated to
the singular perturbation problem arising from Cn-regularizations of visible regular-
tangential singularities. Then, Theorems A, B, and C are proven in Sections 5, 6, and
7, respectively. Finally, in Section 9, in light of our results, we perform an analysis
of Cn-regularizations of piecewise polynomial examples admitting a boundary limit
cycle. An Appendix 9 is also provided with some additional computations.
2. MAIN RESULTS
Let X˘ be C2k, k ě 1, vector fields defined on an open subset V of R2 and let Σ be
a C2k embedded codimension one submanifold of V. Suppose that X+ has a visible
2k-order contact with Σ at (0, 0) and that X´ is pointing towards Σ at (0, 0). Consider
the Filippov system Z = (X+, X´)Σ. Denote by ϕX˘ the flows of X˘.
First, we know that there exists a local C2k diffeomorphism ϕ1 defined on a neigh-
borhood U Ă R2 of (0, 0) such that rΣ = ϕ1(Σ) = h´1(0), with h(x, y) = y. Second,
applying the Tubular Flow Theorem for ϕ1˚ X
´ at (0, 0) and considering the transver-
sal section rΣ, there exists a local C2k diffeomorphism ϕ2 defined on U (taken smaller
if necessary) such that rX´ = (ϕ2 ˝ ϕ1)˚X´ = (0, 1) and ϕ2(rΣ) = rΣ. Clearly, the
transformed vector field rX+ = (ϕ2 ˝ ϕ1)˚X+ still has a visible 2k-order contact withrΣ at (0, 0). Thus, without loss of generality, we can assume that the Filippov system
Z = (X+, X´)Σ satifies
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(A) X+ has a visible 2k-order contact with Σ at (0, 0), X+1 (0, 0) ą 0, and there exists
a neighborhood U Ă R2 of (0, 0) such that X´ ˇˇU = (0, 1) and ΣXU = t(x, 0) :
x P (´xU , xU)u.
The next result establishes the intersection between the trajectory of X+ (satisfying
(A)) starting at (0, 0) with some sections (see Figure 3).
Lemma 1. Assume that X+ satisfies hypothesis (A). For ρ ą 0, θ ą 0, and ε ą 0 sufficiently
small, the trajectory of X+ starting at (0, 0) intersects transversally the sections tx = ´ρu,
tx = θu, and ty = εu, respectively, at (´ρ, y´ρ), (θ, yθ), and (xε˘ , ε), where
(6) yx =
α x2k
2k
+O(x2k+1) and xε˘ = ˘ε
1
2k
(
2k
α
) 1
2k
+O(ε1+ 12k ).
The Lemma above is proven in Section 3.
x+εxε´
yθy´ρ
Σ
y = ε
(0, 0)
x = ´ρ x = θ
FIGURE 3. Transversal intersections of the trajectory of X+ passing
through the 2k-order contact (0, 0) with the transversal sections tx =
´ρu, tx = θu, and ty = εu.
2.1. Flight maps of the regularized system. We start by defining the set of Cn´1-
monotonic transition functions which are not Cn at ˘1.
Definition 1. Denote by Cn´1ST the set of Cn´1-monotonic transition functions Φ which are
not Cn at ˘1. That is, for a Φ P Cn´1ST given as (5), then φ(i)(˘1) = 0, for i = 1, 2, . . . , n´ 1,
and φ(n)(˘1) ‰ 0. Moreover, one can easily see that sign(φ(n)(˘1)) = (¯1)n+1.
Our first two main results guarantee that under some conditions the flow of the
regularized system ZΦε near a visible regular-tangential singularity defines two dis-
tinct maps between transversal sections (see Figure 2). Before their statements, we
need to establish some notations. Given Φ P Cn´1ST as (5), with k ě 1, and n ě 2k´ 1,
define
xε = ελ
˚
η +O
(
ε
λ˚+ 11+2k(n´1)
)
,
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where λ˚ ..= n1+2k(n´1) and η is a constant satisfying
η ą
$’’&’’%
0 i f n ą 2k´ 1,
´
(
ByX+2 (0, 0)
α
) 1
2k´1
i f n = 2k´ 1 and k ‰ 1,
and
(7)
yερ,λ = y´ρ + ε+O(ερ) + βε2kλ +O(ε(2k+1)λ) +O(ε1+λ),
yεθ = yθ + ε+O(εθ) +
2k´1ÿ
i=1
O(θ2k+1´ixiε) +O(x2kε ),
where y´ρ and yθ are given by Lemma 1 and β is a negative parameter which will be
defined latter on.
Theorem A. Consider a Filippov system Z = (X+, X´)Σ and assume that X+ satisfies
hypothesis (A) for some k ě 1. For n ě 2k´ 1, let Φ P Cn´1ST be given as (5) and consider the
regularized system ZΦε (4). Then, there exist ρ0, θ0 ą 0, and constants β ă 0 and c, r, q ą 0,
for which the following statements hold for every ρ P (ελ, ρ0], θ P [xε, θ0], λ P (0,λ˚), with
λ˚ ..= n2k(n´1)+1 , and ε ą 0 sufficiently small.
(a) The vertical segments
pVερ,λ = t´ρu ˆ [ε, yερ,λ] and rVεθ = tθu ˆ [yεθ , yεθ + re´ cεq ]
and the horizontal segments
pHερ,λ = [´ρ,´ελ]ˆ tεu and ÐÝH ε = [xε ´ re´ cεq , xε]ˆ tεu
are transversal sections for ZΦε .
(b) The flow of ZΦε defines a map Uε between the transversal sections pVερ,λ and rVεθ satisfy-
ing
Uε : pVερ,λ ÝÑ rVεθ
y ÞÝÑ yεθ +O(e´
c
εq ).
(c) the trajectories of ZΦε starting at the section pVερ,λ intersect the line y = ε only in
two points before reaching the section rVεθ . Moreover, these intersections take place atpHερ,λ YÐÝH ε.
The map Uε is called Upper Flight Map of the regularized system (see Figure 4).
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pVερ,λ
pHερ,λ
rVεθ
ÐÝH ε
(0, 0)
x = θx = ´ρ
Σ
y = ε
y = ´ε
Uε(y)
y
FIGURE 4. Upper Flight Map Uε of the regularized system ZΦε . The
large domain pVερ,λ is contracted into the small rVεθ . The dotted curve is
the trajectory of X+ passing through the visible 2k-order contact with
Σ with (0, 0).
For the sake of completeness we also characterize the Lower Transition Map.
Theorem B. Consider a Filippov system Z = (X+, X´)Σ and assume that X+ satisfies
hypothesis (A) for some k ě 1. For n ě 2k´ 1, let Φ P Cn´1ST be given as (5) and consider the
regularized system ZΦε (4). Then, there exist ρ0, θ0 ą 0, and constants c, r, q ą 0, for which
the following statements hold for every ρ P (ελ, ρ0], θ P [xε + re´ cεq , θ0], λ P (0,λ˚), with
λ˚ = n2k(n´1)+1 , and ε ą 0 sufficiently small.
(a) The vertical segments
qVεθ = tθu ˆ [yεθ ´ re´ cεq , yεθ ]
and the horizontal segments
qHερ,λ = [´ρ,´ελ]ˆ t´εu and ÝÑH ε = [xε, xε + re´ cεq ]ˆ tεu
are transversal sections for ZΦε .
(b) The flow of ZΦε defines a map Lε between the transversal sections qHερ,λ and qVεθ , namely
Lε : qHερ,λ ÝÑ qVεθ
x ÞÝÑ yεθ +O(e´
c
εq ).
The map Lε is called Lower Flight Map of the regularized system (see Figure 5).
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xqHερ,λ
qVεθLε(x)
ÝÑH ε
(0, 0)
x = θx = ´ρ
Σ
y = ε
y = ´ε
y = εpy0
FIGURE 5. Lower Flight Map Lε of the regularized system ZΦε . The
large domain qHερ,λ is contracted into the small qVεθ . The dotted curve is
the trajectory of X+ passing through the visible 2k-order contact with
Σ with (0, 0).
Remark 1. The proofs of Theorems A and B is based on the analysis of the corresponding
slow-fast problem associated with the regularized system ZΦε 4 (see Section 1.2). This analysis
relies on the normal hyperbolicity of a related critical manifold. When n ě maxt2, 2k´ 1u, we
shall see that this critical manifold looses its normal hyperbolicity. This problem is overcome
by means of blow-up methods. When k = n = 1, we do not face such a problem and the results
are directly obtained from Fenichel Theory. In this case, Theorem A is already proved in [3]
and Theorem B can be obtained analogously. Thus, through out the paper, we shall assume that
n ě maxt2, 2k´ 1u.
2.2. Regularization of boundary limit cycles. Consider a Filippov system Z = (X+, X´)
and assume that
(B) X+ has a hyperbolic limit cycle Γ, which has a 2k-order contact with Σ at (0, 0)
and X´ is pointing towards Σ at (0, 0). In other words, (0, 0) is a visible regular-
tangential singularity of Z (see Figure 6).
Our third main result establishes conditions under which the regularized vector
field ZΦε has an asymptotically stable limit cycle Γε converging to Γ.
Theorem C. Consider a Filippov system Z = (X+, X´)Σ and assume that X+ satisfies
hypothesis (B) for some k ě 1. For n ě 2k ´ 1, let Φ P Cn´1ST be given as (5). Then, the
following statements hold.
(a) Given 0 ă λ ă λ˚ = n1+2k(n´1) , if the limit cycle Γ is unstable, then there exists ρ ą 0
such that the regularized system ZΦε 4 does not admit limit cycles passing through the
section pHερ,λ = [´ρ,´ελ]ˆ tεu, for ε ą 0 sufficiently small.
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0
Σ
Γ
FIGURE 6. Boundary limit cycle of Z.
(b) Given 12k ă λ ă λ˚ = n1+2k(n´1) , if the limit cycle Γ is asymptotically stable, then
there exists ρ ą 0 such that the regularized system ZΦε 4 admits a unique limit cycle
Γε passing through the section pHερ,λ = [´ρ,´ελ]ˆ tεu, for ε ą 0 sufficiently small.
Moreover, Γε is asymptotically stable and ε-close to Γ.
Remark 2. Statement (a) and (b) of Theorem C guarantee, respectively, the nonexistence and
uniqueness of limit cycles in a specific compact set with nonempty interior. However, since
this set degenerates into Γ when ε goes to 0, it is not ensured, in general, the nonexistence
and uniqueness of limit cycles converging to Γ. Nevertheless, if we assume, in addition, that
the limit cycle Γ encloses a unique singular point and that X+ has locally a unique isocline
x = ψ(y) of 2k-order contacts with the straight lines y = cte, then we get the nonexistence
and uniqueness of limit cycles converging to Γ (see Section 8).
3. CANONICAL FORM AND PRELIMINARY RESULTS
In this section, we first provide a simpler local expression for Filippov systems sat-
isfying hypothesis (A) in a neighborhood of the visible regular-tangential singularity.
Denote X˘ = (X˘1 , X
˘
2 ). Since X
+
1 (0, 0) ą 0, we can take the neighborhood U smaller
in order that X+1 (x, y) ą 0 for all (x, y) P U. Performing a time rescaling in X+, we
get pX+(x, y) = (1, f (x, y)), with the function f given by f (x, y) = X+2 (x, y)/X+1 (x, y).
Clearly, the vector fields X+ and pX+ have the same orbits in U with the same orienta-
tion. Notice that, for (x, y) P U, we have
X+h(x, y) = X+2 (x, y)
= X+1 (x, y) f (x, y)
= X+1 (x, y) pX+h(x, y).
In general, ( pX+)ih(0, 0) = 0 if, and only if, (X+)ih(0, 0) = 0, for all i = 1, . . . , 2k.
Moreover, pX+h(x, 0) = f (x, 0) and
( pX+)ih(0, 0) = Bi´1 fBxi´1 (0, 0), @i = 1, . . . , 2k.
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Therefore, expanding f (x, 0) around x = 0, we get
f (x, 0) =
2k´1ÿ
i=0
1
i!
Bi f
Bxi (0, 0)x
i + g(x) = αx2k´1 + g(x),
where α =
( pX+)2kh(0, 0)
(2k´ 1)! ą 0 and g(x) = O(x
2k) is a C2k function. Consequently, the
function f (x, y) writes
f (x, y) = αx2k´1 + g(x) + yϑ(x, y),
where ϑ is a C2k function. Finally, dropping the hat, the Filippov system Z = (X+, X´)Σ
on U becomes
(8)
X+(x, y) = (1, αx2k´1 + g(x) + yϑ(x, y)),
X´(x, y) = (0, 1),
with α ą 0. Moreover, ByX+2 (0, 0) = ϑ(0, 0).
Now, we are ready to prove Lemma 1.
Proof of Lemma 1. Let us consider the differential equation induced by the vector field
X+
(9)
"
x1 = 1,
y1 = αx2k´1 + g(x) + yϑ(x, y).
Denote by (x(t), y(t)) the solution of system (9) satisfying x(0) = 0 and y(0) = 0.
Thus, x(t) = t and y(t) satisfies the following differential equation
y1 = αt2k´1 + g(t) + yϑ(t, y).
Therefore, y(i)(0) = 0 for i = 0, 1, . . . , 2k´ 1 and y(2k)(0) = (2k´ 1)!α. Thus, the Taylor
series of y(t) around t = 0 writes
y(t) =
αt2k
2k
+O(t2k+1).
Hence, taking ρ ą 0 and θ ą 0 sufficiently small, we conclude that the trajectory of
X+ starting at (0, 0) intersects the sections tx = ´ρu and tx = θu at the points defined
in (6) (´ρ, y´ρ) and (θ, yθ), respectively. These intersections are transversal, because
X+1 (x, y) = 1 for every (x, y) P U.
Now, we shall study the intersection y(t) = ε, so define κ(t, ε) = y(t)´ ε. Consider
the change of variables s = t2k and define the function
ζ(s, ε) = κ(s
1
2k , ε) =
αs
2k
´ ε+O(s 2k+12k ).
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Since ζ(0, 0) = 0 and BζBs (0, 0) =
α
2k ą 0, by the Implicit Function Theorem, there exists a
unique smooth function s(ε) such that ζ(s(ε), ε) = 0 and s(0) = 0. Moreover,
s1(0) = ´
Bζ
Bε (0, 0)
Bζ
Bs (0, 0)
=
2k
α
.
Thus, the Taylor expansion of s(ε) around ε = 0 writes
s(ε) = ε
2k
α
+O(ε2).
Since, s(ε) ą 0 for ε ą 0 sufficiently small, we can defined t˘(ε) = ˘(s(ε)) 12k . There-
fore,
t˘(ε) = ˘ε 12k
(
2k
α
) 1
2k
+O(ε1+ 12k ).
Hence, the trajectory of X+ starting at (0, 0) intersects the section ty = εu at the points(
xε˘ , ε
)
defined in (6). We conclude this proof by showing that these intersections are
transversal for ε ą 0 small enough. Indeed, suppose that X+2
(
xε˘ , ε
)
= 0. Thus,
α(xε˘ )
2k´1 + (xε˘ )2k´1rg(xε˘ ) + εϑ(xε˘ , ε) = 0,
and, consequently, (xε˘ )2k´1 = ´ εϑ(xε˘ ,ε)α+rg(xε˘ ) , where rg = O(x) is a continuous function
such that g(x) = x2k´1rg(x). Thus,ˇˇˇ
(xε˘ )
2k´1
ˇˇˇ
=
ˇˇˇˇ
ϑ(xε˘ , ε)
α+ rg(xε˘ )
ˇˇˇˇ
ε ď max
εP[0,ε0],xPB
ˇˇˇˇ
ϑ(x, ε)
α+ rg(x)
ˇˇˇˇ
ε = Cε,
which implies that xε˘ = O(ε
1
2k´1 ) and, therefore, 2k/α = 0. This is an absurd. Here,
B Ă R is a neighbourhood of 0. Hence, X+2
(
xε˘ , ε
) ‰ 0 for ε ą 0 sufficiently small. 
The next Lemma is a technical result which will be useful for proving our main
Theorems.
Lemma 2. Let σ be a real number. The trajectory (u(t), v(t)) of the planar vector field
F(u, v) = (1,´u2k´1´ vn + σ) satisfying u(0) = u0 and v(0) = v0 ą 0 intersects v = 0 at
the point (u˚, 0) with u˚ ą σ 12k´1 .
Proof. For each positive real number µ, with µn ą σ, let Bµ Ă R2 be defined as the
following compact region,
Bµ =
!
(u, v)
ˇˇ
(´µn + σ) 12k´1 ď u ď ´v + µ+ (1+ σ+ δ) 12k´1 , 0 ď v ď µ
)
,
where δ ą 0 is such that 1+ σ+ δ ą 0 (see Figure 7).
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First, we shall see that the trajectories of F enter the region Bµ through BBµzLµ,
where Lµ = t(u, v)|σ 12k´1 ď u ď µ+ (1+ σ+ δ) 12k´1 , v = 0u. Denote
B+µ =
!
(u, v)
ˇˇ
u = ´v + µ+ (1+ σ+ δ) 12k´1 , 0 ď v ď µ
)
,
Bµ´ =
!
(u, v)
ˇˇ
u = (´µn + σ) 12k´1 , 0 ď v ă µ
)
,
Bµ˚ =
!
(u, v)
ˇˇ
(´µn + σ) 12k´1 ă u ď (1+ σ+ δ) 12k´1 , v = µ
)
,
B#µ =
!
(u, v)
ˇˇ
(´µn + σ) 12k´1 ď u ă σ 12k´1 , v = 0
)
.
Notice that BBµzLµ = B+µ Y Bµ´ Y Bµ˚ Y B#µ.
Let n+ = (1, 1) be a normal vector to B+µ . Since F
ˇˇ
B+µ = (1,´u2k´1 ´ vn + σ), we get
xn+, Fy = x(1, 1), (1,´u2k´1 ´ vn + σ)y
ď 1´ u2k´1 + σ
= 1´ (´v + µ+ (1+ σ+ δ) 12k´1 )2k´1 + σ
ď 1+ (µ´ µ´ (1+ σ+ δ) 12k´1 )2k´1 + σ
= ´δ
ă 0.
Hence, F points inward Bµ along B+µ . Now, let n´ = (1, 0) be a normal vector to Bµ´ .
Since, F
ˇˇ
Bµ´ = (1, µ
n ´ vn) we get xF, n´y = 1 ą 0 and, then, F also points inward Bµ
along Bµ´ . Let n˚ = (0, 1) be a normal vector to Bµ˚ . Since F
ˇˇ
Bµ˚ = (1,´u2k´1 ´ µn + σ),
we get xF, n˚y = ´u2k´1´ µn + σ ă 0 and, then, F points inward Bµ along Bµ˚ . Finally,
let n# = (0, 1) be a normal vector to B#µ. Since F
ˇˇ
B#µ = (1,´u
2k´1 + σ), we get xF, n#y =
´u2k´1 + σ ą 0 and, then, F points inward Bµ along B#µ
It remains to study the behavior of the trajectory of F passing through the point
p1 =
(
(´µn + σ) 12k´1 , µ). Consider the function h1(u, v) = v´ µ, then
Fh1(p1) = x∇h1(p1), F(p1)y = 0,
F2h1(p1) = x∇Fh1(p1), F(p1)y = ´(2k´ 1) (´µn + σ)
2(k´1)
2k´1 ă 0.
Consequently, F has a quadratic contact with the straight line v = µ at p1 and the
trajectory passing through p1 stays, locally, below this line. Given that u˙ = 1, we
conclude that the flow enters the region Bµ through p1 (see Figure 7).
Now, given p = (u0, v0) P R2 with v0 ą 0 there exists µ0 such that p P Bµ0 . From
the comments above, we known that the trajectory of F passing through p cannot
leave the regionBµ through BBµzLµ. Thus, assume by contradiction that the semi-orbit
γ+p = t(u(t), v(t))| t ě 0u is contained in the compact region Bµ0 . From the Poincare´–
Bendixson Theorem ω(p) Ă Bµ0 either contains a singularity of F or is a periodic orbit of
F. In the last case, int(ω(p)) contains a singularity of F. Both cases contradicts the fact
that F does not admit singularities. Therefore, γ+p must leave the region Bµ0 through
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FIGURE 7. The vector field F and the region Bµ. The red curve repre-
sents the isocline ´u2k´1 ´ vn + σ = 0.
Lµ0 . In other words, there exists t0 ą 0 such that (u(t0), v(t0)) = (u˚, 0) with u˚ ě
σ
1
2k´1 .
We conclude this proof by showing that u˚ ą σ 12k´1 . Indeed, let p2 =
(
σ
1
2k´1 , 0
)
and
define the function h2(u, v) = v. Then
Fh2(p2) = x∇h2(p2), F(p2)y = 0,
F2h2(p2) = x∇Fh2(p2), F(p2)y
=
# ´(2k´ 1) i f k = 1,
´(2k´ 1)σ 2(k´1)2k´1 i f k ą 1,
If k = 1 or σ ‰ 0, then F2h2(p2) ă 0. Consequently, F has a quadratic contact with the
straight line v = 0 at p2 and the trajectory passing through p2 stays, locally, below this
line (see Figure 7). If k ą 1 and σ = 0, then F2h2(p2) = 0. In addition, one can see that
Fjh2(p2) = 0 for j P t1, . . . , 2k ´ 1u and F2kh2(p2) = ´(2k ´ 1)! ă 0. Thus, F has an
even order contact with the straight line v = 0 at p2 and the trajectory passing through
p2 also stays, locally, below this line (see Figure 7). Hence, p2 R γ+p and, consequently,
u˚ ą σ 12k´1 . 
4. EXTENSION OF THE FENICHEL MANIFOLD
Consider a Filippov system Z = (X+, X´)Σ and assume that X+ satisfies hypothesis
(A) for some k ě 1. For n ě maxt2, 2k ´ 1u, let Φ P Cn´1ST be given as (5). From the
comments of the previous section, we can assume that Z, restricted to a neighborhood
U Ă R2 of (0, 0), is given as (8). Thus, the regularized system ZΦε , defined in (4), leads
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to the following differential system
(10) ZΦε :
$’&’%
x˙ =
1
2
(1+Φε(y)) ,
y˙ =
1
2
(
αx2k´1 + g(x) + yϑ(x, y)
)
(1+Φε(y)) +
1
2
(1´Φε(y)) ,
for (x, y) P U and ε ą 0 sufficiently small. Recall that Φε(y) = Φ(y/ε).
Now, we shall study the regularized system (10) restricted to the band of regular-
ization |y| ď ε. Notice that Φε(y) = φ(y/ε) for |y| ď ε. In this case, system (10) can be
written as a slow-fast problem. Indeed, taking y = εpy, we get the so-called slow system,
(11)
$’&’%
x˙ =
1
2
(1+ φ(py)) ,
εp˙y = 1
2
((
αx2k´1 + g(x) + εpyϑ(x, εpy)) (1+ φ(py)) + (1´ φ(py))) ,
defined for |py| ď 1. Performing the time rescaling t = ετ, we obtain the so-called fast
system,
(12) ZΦε :
$’&’%
x1 = ε
2
(1+ φ(py)) ,
py1 = 1
2
((
αx2k´1 + g(x) + εpyϑ(x, εpy)) (1+ φ(py)) + (1´ φ(py))) .
Clearly, systems (11) and (12) are equivalent for ε ‰ 0. Taking ε = 0 in the fast system,
we get the layer problem
(13) ZΦ0 :
$&%
x1 = 0,
py1 = 1
2
((
αx2k´1 + g(x)
)
(1+ φ(py)) + (1´ φ(py))) ,
which has the following critical manifold
(14) Sa =
"
(x, py)ˇˇpy = m0(x) ..= φ´1 (1+ αx2k´1 + g(x)1´ αx2k´1 ´ g(x)
)
,´L ď x ď 0
*
,
where L is a positive parameter satisfying αx2k´1 + g(x) ă 0 for ´L ď x ă 0. Notice
that, in this case,
´1 ă 1+ αx
2k´1 + g(x)
1´ αx2k´1 ´ g(x) ă 1, for ´ L ď x ă 0.
Moreover,
Bpi2ZΦ0
Bpy (x, py) = φ1(py)2 (αx2k´1 + g(x)´ 1),
where pi2Z
Φ
0 denote the second component of Z
Φ
0 . Consequently, the critical manifold
Sa is normally hyperbolic attracting on Sazt(0, 1)u and looses hyperbolicity at (0, 1).
Indeed, φ1(py)(αx2k´1 + g(x)´ 1) ă 0 for all (x, py) P Sazt(0, 1)u and φ1(1) = 0. Thus,
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the Fenichel Theorem [9, 11] can be applied for any compact subset of Sazt(0, 1)u. In
what follows we state the Fenichel Theorem for system (12) as it is stated in [3].
Theorem 1 (Fenichel Theorem). Consider L and N positive real numbers, L ą N. There
exist positive constants ε0, K, and C, and a smooth function m(x, ε), defined for (x, ε) P
[´L,´N]ˆ [0, ε0] and satisfying m(x, 0) = m0(x) (see (14)), such that the following state-
ments hold.
(i) Sa,ε = t(x, py)|py = m(x, ε),´L ď x ď ´Nu is a normally hyperbolic attracting
locally invariant manifold of system (12), for 0 ă ε ă ε0.
(ii) There exists a neighborhood W of Sa,ε, which does not depend on ε, such that for any
z0 P W there exists z˚ P Sa,ε satisfying
|ϕ
ZΦε
(t, z0)´ ϕZΦε (t, z
˚)| ď Ke´ Ctε , t ě 0,
where ϕ
ZΦε
is the flow of system (11).
The invariant manifold Sa,ε is called Fenichel Manifold.
In the sequel, in order to extend Sa,ε until py = 1, we shall study system (12) around
the degenerate point (0, 1). Notice that 1+ φ(py) ą 0 for py sufficiently close to 1. Thus,
performing a time changing we can divide the right-hand side of the differential sys-
tem (12) by 1+ φ(py), obtaining the following equivalent system
(15)
$&% x
1 = ε,py1 = αx2k´1 + g(x) + εpyϑ(x, εpy) + 1´ φ(py)
1+ φ(py) .
As an abuse of notation, we are still using the prime symbol 1 to denote differenti-
ation with respect to the new time variable. Denote p(py) = (1´ φ(py))/(1 + φ(py)).
Computing the expansion of the function p around py = 1 we get
p(py) = 1
2
φ[n](´(py´ 1))n(1+ (py´ 1)Υ(py´ 1))
where
φ[n] =
(´1)n+1
n!
φ(n)(1) ą 0
and Υ is a smooth function defined in a neighborhood of 0. Taking py = ry + 1, system
(15) becomes$&% x
1 = ε,ry1 = αx2k´1 + g(x) + ε(1+ ry)ϑ(x, ε(1+ ry)) + 1
2
φ[n](´ry)n(1+ ryΥ(ry)),
Now, we consider the extended system
(16)
E :
$’’&’’%
x1 = rε,ry1 = αx2k´1 + x2k´1rg(x) + rε(1+ ry)ϑ(x,rε(1+ ry)) + 1
2
φ[n](´ry)n(1+ ryΥ(ry)),rε1 = 0,
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where g(x) = x2k´1rg(x) with rg = O(x). Notice that, the above differential system
keeps the planes rε = “constant” invariant. In addition, its restriction to rε = 0 corre-
sponds to the layer problem (13). Thus, once we have understood the orbits of (16) in
an neighborhood of the origin (x, ry,rε) = (0, 0, 0), we can understand how the Fenichel
manifold Sa,ε of (12) behaves in a neighborhood of (x, py) = (0, 1).
Notice that rε ÞÑ (0, 0,rε) is a curve of degenerate singularities of (16). Thus, in order
to study the differential system (16) in a neighborhood of the origin, we shall apply
the following blow-up
Ψ : S2 ˆR+ Ñ R3˚
(x, y, ε, r) ÞÑ (rnx, r2k´1y, r1+2k(n´1)ε).
Here,
S2 = t(x, y, ε) P R3|x2 + y2 + ε2 = 1u and R3˚ = R3zt(0, 0, 0)u.
Roughly speaking, the geometric idea of the blow-up method is to “change” the non-
hyperbolic singularity (0, 0, 0) by a sphere S2, leaving the dynamics away from the
origin unchanged. This allow us to blow-up the dynamics around the origin. For-
mally, the map Ψ pulls back the vector field E
ˇˇ
R3˚
, defined in (16), to a vector field Ψ˚E
defined on S2 ˆR+. Here, Ψ˚ denotes the usual pullback,
Ψ˚E(p) = (DΨ(p))´1 E(Ψ(p)), p = (x, y, ε, r).
In order to study the behavior of Ψ˚E in a neighbourhood of S20 = S2ˆt0u, we have to
extend its dynamics to S20 and desingularize it through a time rescaling. This provides
a new vector field E˚ which has its dynamics outside S20 equivalent to E|R3˚ . Then, we
consider two charts of S2 ˆRě0, namely, κ1 = (U1,ψ1) and κ2 = (U2,ψ2), where
U1 = t(x, y, ε, r) P S2 ˆRě0|y ă 0u, U2 = t(x, y, ε, r) P S2 ˆRě0|ε ą 0u,
and ψ1,2 : U1,2 Ñ R3 are the following stereographic-like projections
ψ1(x, y, ε, r) =
(
(´y)α1 x, (´y)β1 r, (´y)γ1 ε
)
, ψ2(x, y, ε, r) =
(
εα2 x, εβ2 y, εγ2 r
)
,
with
α1 =
´n
2k´ 1, β1 =
1
2k´ 1, γ1 =
´(1+ 2k(n´ 1))
2k´ 1 ,
and
α2 =
´n
1+ 2k(n´ 1) , β2 =
´(2k´ 1)
1+ 2k(n´ 1) , γ2 =
1
1+ 2k(n´ 1) .
The maps ψ1 and ψ2 are constructed by projecting the sets U1 and U2 into the planes
y = ´1 and ε = 1, respectively.
The above charts are used to push forward the vector fields Ei˚ = E
˚|Ui , i = 1, 2, to
vector fields defined onR3, Fi = ψi˚Ei˚ , i = 1, 2. Here, ψi˚ denotes the usual pushforward,
ψi˚Ei˚ (q) = Dψi
(
(ψi)´1(q)
)
Ei˚
(
(ψi)´1(q)
)
, q P ψi(Ui).
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FIGURE 8. The 2 charts of blow-up, critical manifold Sa, and Fenichel
manifold Sa,ε.
Finally, consider the composition Ψi = Ψ ˝ (ψi)´1, i = 1, 2. Then,
Ψ1(x1, r1, ε1) =
(
rn1 x1, ´r2k´11 , r1+2k(n´1)1 ε1
)
,
Ψ2(x2, y2, r2) =
(
rn2 x2, r
2k´1
2 y2, r
1+2k(n´1)
2
)
.
The vector field Fi, i = 1, 2, can be directly obtained as Fi = Ψi˚ E/r
(n´1)(2k´1). Notice
that we are pulling back the vector field E through Ψi, extending Ψi˚ E to ri = 0 and,
then, desingularizing it by doing a time rescaling (i.e. dividing by r(n´1)(2k´1)).
Moreover,
U12 ..= U1 X U2 = t(x, y, ε, r) P S2 ˆRě0|y ă 0 and ε ă 0u
and the change of coordinates ψ12 : ψ1(U12)Ñ ψ1(U12)which pushes forward F1
ˇˇ
ψ1(U12)
to F2
ˇˇ
ψ2(U12) writes
ψ12(x1, r1, ε1) =
(
ε
´ n1+2k(n´1)
1 x1 , ´ε
´ 2k´11+2k(n´1)
1 , r1ε
1
1+2k(n´1)
1
)
.
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4.1. Chart κ1. The differential system associated with the vector field F1 writes
(17)$’’’’’’’’’’’’’&’’’’’’’’’’’’’%
x11 =
1
2(2k´ 1) [2(2k´ 1)ε1 + φ
[n]nx1 + 2αnx2k1 ´ nx1φ[n]r2k´11 Υ(´r2k´11 )
+2nx2k1 rg(rn1 x1)´ nx12(rn1 ´ r1´2k+n1 )ε1ϑ(rn1 x1,´r2k(n´1)1 (´r1 + r2k1 )ε1)],
r11 =
1
2(2k´ 1) [´2r1x
2k´1
1 (α+ rg(rn1 x1))´ φ[n](r1 ´ r2k1 Υ(´r2k´11 ))
+2(r1+n1 ´ r2´2k+n1 )ε1ϑ(rn1 x1,´r2k(n´1)1 (´r1 + r2k1 )ε1)],
ε11 =
1
2(2k´ 1) (1+ 2k(n´ 1))ε1[(2x
2k´1
1 (α+ rg(rn1 x1)) + φ[n](1´ r2k´11 Υ(´r2k´11 ))
+2(´rn1 + r1´2k+n1 )ε1ϑ(rn1 x1,´r2k(n´1)1 (´r1 + r2k1 )ε1)].
First, taking ε1 = 0 in (17), we get that the critical manifold Sa, in this coordinate
system, is given by
Sa,1 =
!
(x1, r1, 0)|x2k´11 (α+ rg(rn1 x1)) = ´φ[n]2 (1´ r2k´11 Υ(´r2k´11 )), ´L ď rn1 x1 ď 0).
In what follows, we shall write the critical manifold Sa,1 locally as a graphic. For this,
define U1 = t(x1, r1)| ´ L ď rn1 x1 ď 0u and consider the function H : U1 Ñ R defined
by
H(x1, r1) = ´x2k´11 (α+ rg(rn1 x1))´ φ[n]2 (1´ r2k´11 Υ(´r2k´11 )).
Notice that H(x1, 0) = ´αx2k´11 ´
φ[n]
2
. Thus, for x1˚ =
(
´φ
[n]
2α
) 1
2k´1
we get that
H(x1˚ , 0) = 0. Furthermore,
BH
Bx1 (x1˚ , 0) = ´(2k´ 1)α(x1˚ )
2k´2 = ´(2k´ 1)α
(
´φ
[n]
2α
) 2k´2
2k´1
‰ 0.
From the Implicit Function Theorem, there exist open sets W1, V1 Ď R such that (x1˚ , 0) P
W1 ˆV1 Ď U1, and a unique smooth function x1 : V1 Ñ W1 such that x1(0) = x1˚ and
H(x1(r1), r1) = 0, for all r1 P V1. Moreover,
x11(0) =
$&% 0 i f k ą 1,φ[n]Υ(0)
2α
i f k = 1.
Thus, expanding x1(r1) around r1 = 0, we have
x1(r1) = x1(0) + r1x11(0) +O(r21)
=
$&%
x1˚ +O(r21) if k ą 1,
x1˚ + r1
φ[n]Υ(0)
2α
+O(r21) if k = 1.
20 D. D. NOVAES AND G. A. R. VIELMA
Consequently,
Sa,1 X (W1 ˆV1 ˆ t0u) = t(x1, r1, 0)| x1 = x1(r1)u.
Notice that Sa,1 intersects the plane r1 = 0 (which is equivalent to the sphere S20) at
the singularity (x1˚ , 0, 0). Moreover,
DF1(x1˚ , 0, 0) =
 ´
φ[n]n
2
ω12k 1+ω
13
n,k
0 0 0
0 0 0
 ,
where
ω12k =
$&% 0 i f k ą 1,(φ[n])2nΥ(0)
4α
i f k = 1,
ω13n,k =
#
0 i f n ą 2k´ 1,
x1˚ϑ(0, 0) i f n = 2k´ 1 and k ‰ 1.
Hence, in the sequel, we shall use the Center Manifold Theorem [5] to study F1 around
the degenerated singularity (x1˚ , 0, 0).
One can easily see that λ1 = ´φ[n]n/2, λ2 = 0, and λ3 = 0 are the eigenvalues of
DF(x1˚ , 0, 0) associated with the eigenvectors
v1 = (1, 0, 0), v2 =
(
2ω12k
φ[n]n
, 1, 0
)
, and v3 =
(
2
φ[n]n
(1+ω13n,k), 0, 1
)
,
respectively. Thus, consider a box Ω = [χ, 0]ˆ [0, ρ]ˆ [0, ν] around (x1˚ , 0, 0), where
χ ă x1˚ and ρ, ν ą 0 are small parameters. By the Center Manifold Theorem we know
that withinΩ there exists a center manifold Wc = t(x1, r1, ε1)| x1 = k(r1, ε1)u tangent
to the eigenspace generated by v2 and v3 at the singularity (x1˚ , 0, 0). Moreover, since
(x1˚ , 0, 0) P Wc X Sa,1 ‰ H, we conclude that Wc contains the critical manifold Sa,1.
Assume that Wc = ph´1(0), with ph(x1, r1, ε1) = x1 ´ k(r1, ε1) and k(0, 0) = x1˚ . Since
∇ph(0).v2 = 0 and ∇ph(0).v3 = 0 we get
Bk
Br1 (0, 0) =
2ω12k
φ[n]n
and
Bk
Bε1 (0, 0) =
2
φ[n]n
(1+ω13n,k),
respectively. Therefore,
k(r1, ε1) = x1˚ + r1
2ω12k
φ[n]n
+ ε1
2
φ[n]n
(1+ω13n,k) +O2(r1, ε1).
Now, we shall see that the center manifold Wc is foliated by hyperbolas. Indeed,
from (17) we have that
dr1
dε1
= ´ r1
ε1(1+ 2k(n´ 1)) .
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Thus, solving the above differential equation, we get that ε1 ÞÑ ε1r1(ε1)1+2k(n´1) is
constant on ε1. This means that, for each ε ą 0, the surface
Eε = t(x1, r1, ε1)| ε1r1+2k(n´1)1 = εu,
is invariant through the flow of (17). Consequently, the manifold Wc is foliated by
invariant hyperbolas γε = Wc X Eε, ε ą 0, which correspond to orbits of (17). Thus,
we can write γε = tϕF1(t, ε) : t P Iεuwhere ϕF1(t, ε) is a trajectory of (17) satisfying
ϕF1(0, ε) = (k(ρ, ε ρ
´(1+2k(n´1))), ρ, ε ρ´(1+2k(n´1))) P Wc X γε,
and Iε is a neighborhood of the origin. Hence, Ψ´11 γε is an orbit of E (16) lying in the
plane rε = ε. Therefore, (after the translation py = 1+ ry) we get it as an orbit (12).
Denote by S1a,ε the Fenichel manifold Sa,ε of (12) for rε = ε written in the coordinates
(x1, r1, ε1). We claim that, for ε ą 0 sufficiently small, the Fenichel manifold S1a,ε can be
continued as an orbit of F1 in Wc, namely γε. First, noticed that the orbit γε is ε´close
to Sa,1 at r1 = ρ. Indeed, from the relation ε1r
1+2k(n´1)
1 = ε satisfied by γε, we see
that ϕF1(0, ε) approaches to Sa,1 = W
c X tε1 = 0u when ε goes to zero. Now, since
S1a,ε is also ε´close to Sa,1, we get that S1a,ε and γε are ε´ close to each other at r1 = ρ.
Noticing that γε and S1a,ε are related to orbits of (12), which are ε-close to each other,
wet get from item (ii) of Fenichel Theorem (1) that d(ϕF1(t, ε), S
1
a,ε) ď Ke´ Ctε . Hence,
taking any positive time t0 P Iε we conclude that S1a,ε and γε are O(e´ cε ) close to each
other at r1 = ρ1 ă ρ, with c = Ct0 ą 0. Therefore, for each ε ą 0, γε can be seen as a
continuation of S1a,ε on Wc (see Figure 9).
Now, at ε1 = ν we have
γε X tε1 = νu =
(
k
(
(ε ν´1)
1
1+2k(n´1) , ν
)
, (ε ν´1)
1
1+2k(n´1) , ν
)
=
(
k(0, ν), 0, ν
)
+O(ε 11+2k(n´1) ).
Hence, we conclude that S1a,ε X tε1 = νu is O(ε
1
1+2k(n´1) ) close to (k(0, ν), 0, ν).
Remark 3. Notice that Wc X tr1 = 0u is an orbit of (17) containing the point (x1, r1, ε1) =
(k(0, ν), 0, ν) which the backward trajectory approaches asymptotically to (x1˚ , 0, 0) (see Fig-
ure 9). Indeed,
Wc X tr1 = 0u =
"
(x1, 0, ε1)
ˇˇ
x1 = x1˚ + ε1
2
φ[n]n
(1+ω13n,k) +O(ε21)
*
and, therefore, Wc X tr1 = 0u X tε1 = 0u = t(x1˚ , 0, 0)u.
In what follows, we shall continue S1a,ε in chart κ2 by following the trajectory of
(x2˚ , y2˚ , 0) ..= ψ12(k(0, ν), 0, ν) (see Figure 10).
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x1
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S1a,ε
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γε
ν
ρ
Ω
x1˚
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FIGURE 9. Behavior of the vector field (17) around (x1˚ , 0, 0).
4.2. Chart κ2. The differential system associated with the vector field F2 writes
(18)
$’’’’&’’’’%
x12 = 1,
y12 = x
2k´1
2 (α+ rg(rn2 x2)) + φ[n]2 (´y2)n(1+ r2k´12 y2Υ(r2k´12 y2))
+(r1´2k+n2 + rn2 y2)ϑ(rn2 x2, r2kn2 (r
1´2k
2 + y2)),
r12 = 0.
Lemma 3. The forward orbit of (18) starting at (x2˚ , y2˚ , 0) intersects ty2 = 0u at
(x2, y2, r2) = (η, 0, 0)
where η is a constant satisfying
(19) η ą σn,k ..=
$’&’%
0 i f n ą 2k´ 1,
´
(
ϑ(0, 0)
α
) 1
2k´1
i f n = 2k´ 1 and k ‰ 1.
Proof. Set cx =
(
2/(φ[n]αn´1)
) 1
1+2k(n´1) ą 0 and cy = ´αc2kx ă 0. Consider system (18)
restricted to r2 = 0. Applying the change of variables (x2, y2) = (cxu, cyv), v ď 0, and
a time rescaling by the positive constant cx, system (18)|r2=0 writes
(20)
"
u1 = 1,
v1 = ´u2k´1 ´ vn + sn,k,
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where
sn,k =
$&% 0 i f n ą 2k´ 1,´ϑ(0, 0)
αcnx
i f n = 2k´ 1 and k ‰ 1,
Take (u0, v0) = (x2˚ /cx, y2˚ /cy). Since y2˚ = ´ν´
2k´1
1+2k(n´1) , we have v0 ą 0. Thus, by
Lemma 2, the forward trajectory of (20) starting at (u0, v0) intersects tv = 0u at (u˚, 0)
with u˚ ą s
1
2k´1
n,k . Consequently, the forward flow of (x2˚ , y2˚ , 0) intersects ty2 = 0u at the
point (x2, y2, r2) = (η, 0, 0), where η ..= cxu˚ is a constant satisfying η ą σn,k. 
Proposition 1. There exist a ą 0 and ε˚ ą 0 such that, for each ε P (0, ε˚], the forward
trajectory of system (12), starting at any point in the set(
ελ
˚
(x2˚ ´ a) , ελ˚(x2˚ + a)
)
ˆ
(
1+ ε
2k´1
1+2k(n´1) (y2˚ ´ a) , 1+ ε
2k´1
1+2k(n´1) (y2˚ + a)
)
,
intersects the line tpy = 1u. In particular, the Fenichel manifold Sa,ε intersects tpy = 1u at
(x, py, ε) = (xε, 1, ε), where
(21) xε = ελ
˚
η +O
(
ε
λ˚+ 11+2k(n´1)
)
,
with η satisfying (19).
Proof. Denote S2a,ε ..= ψ12(S1a,ε). Notice that S2a,ε X ty2 = y2˚u is O(ε
1
1+2k(n´1) ) close to
(x2˚ , y2˚ , 0). From Lemma 3, the forward orbit of (x2˚ , y2˚ , 0) intersects ty2 = 0u transver-
sally at (x2, y2, r2) = (η, 0, 0). Thus, from the Implicit Function Theorem, S2a,ε also inter-
sect ty2 = y2˚u transversally at(
η +O(ε 11+2k(n´1) ), 0, ε 11+2k(n´1)
)
,
for ε ą 0 sufficiently small. Furthermore, there exist a ą 0 and b ą 0 sufficiently small
such that any forward trajectory of (18), starting at the set
Ξ = (x2˚ ´ a, x2˚ + a)ˆ (y2˚ ´ a, y2˚ + a)ˆ [0, b),
also intersects the set ty2 = 0u.
Going back to the original coordinates, we conclude that the forward flow of Sa,ε
intersect tpy = 1u at (x, py, ε) = (xε, 1, ε) with
xε = ελ
˚ (
η +O
(
ε
1
1+2k(n´1)
))
= ελ
˚
η +O
(
ε
λ˚+ 11+2k(n´1)
)
.
Moreover, writing the Ξ in the original coordinates we conclude that, for every ε P
[0, ε˚), ε˚ = b1+2k(n´1), any trajectory of system (12) starting at the set(
ελ
˚
(x2˚ ´ a) , ελ˚(x2˚ + a)
)
ˆ
(
1+ ε
2k´1
1+2k(n´1) (y2˚ ´ a) , 1+ ε
2k´1
1+2k(n´1) (y2˚ + a)
)
intersects the line tpy = 1u. 
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FIGURE 10. The 2 charts of blow-up, critical manifold Sa, and Fenichel
manifold Sa,ε.
5. UPPER FLIGHT MAP
This section is devoted to the proof of Theorem A. For this, we need to guaran-
tee that under some conditions the flow of the regularized system ZΦε near a visible
regular-tangential singularity defines a map between two vertical sections. Thus, it
will be convenient to write this map as the composition of three maps, namely Pu, Quε
and Ru (see Figure 11). The map Quε will be defined through the flow of ZΦε restricted
to the band of regularization, and the maps Pu and Ru will be given by the flow of ZΦε
defined outside the band of regularization. In what follows, we shall properly define
these maps.
5.1. Tangential points and transversal sections. In Proposition 1, we have proved
that the Fenichel manifold of system (10) intersects ty = εu at (xε, ε) (see (21)). Now,
we shall prove that if (ψ(ε), ε) is a tangential contact of ZΦε with the line ty = εu, then
xε ą ψ(ε).
Lemma 4. Let ψ(ε) be a tangential contact of the vector field ZΦε (10) with y = ε. Then,
(a) ψ(ε) = O(ε 12k´1 ), and
(b) xε ą ψ(ε) for ε sufficiently small, where xε is given in Proposition 1.
Proof. First, we shall prove statement (a). Let ψ : [0, ε0]Ñ R be a function, defined for
ε0 ą 0 small, satisfying pi2ZΦε (ψ(ε), ε) = 0 for every ε P [0, ε0]. Here, pi2ZΦε denote the
second component of ZΦε . Then,
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y
Pu(y) = x
Quε (x) = z
Ru(z)
(0, 0)
x = θx = ´ρ
Σ
y = ε
y = ´ε
FIGURE 11. Dynamics of the maps Pu, Quε and Ru. The dotted curve is
the trajectory of X+ passing through the visible 2k-order contact with
Σ with (0, 0).
0 = pi2ZΦε (ψ(ε), ε)
=
1
2
(
f (ψ(ε), ε)(1+Φ(1)) + (1´Φ(1))
)
= f (ψ(ε), ε)
= αψ(ε)2k´1 + ψ(ε)2k´1rg(ψ(ε)) + εϑ(ψ(ε), ε),
where rg = O(x) is a continuous function such that g(x) = x2k´1rg(x). Then,
ψ(ε)2k´1 = ´ εϑ(ψ(ε), ε)
α+ rg(ψ(ε)) =.. A(ε).
Notice that
|A(ε)| =
ˇˇˇˇ
ϑ(ψ(ε), ε)
α+ rg(ψ(ε))
ˇˇˇˇ
ε ď max
εP[0,ε0],xPB
ˇˇˇˇ
ϑ(x, ε)
α+ rg(x)
ˇˇˇˇ
ε = Cε,
where B Ă R is a neighbourhood of 0. This implies that A(ε) = O(ε), i.e. ψ(ε) =
O(ε 12k´1 ).
Now, we shall prove statement (b). From Proposition 1,
xε = ελ
˚
η +O
(
ε
λ˚+ 11+2k(n´1)
)
,
where λ˚ = n1+2k(n´1) and η ą σn,k, where σn,k satisfies (19).
First, suppose that n ą 2k´ 1. Then, 12k´1 ą λ˚ and η ą 0. Hence, by statement (a),
we conclude that xε ą ψ(ε).
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Finally, suppose that n = 2k´ 1, with k ‰ 1. In this case, λ˚ = 1/n. Define
a(ε) = ´
(
ϑ(ψ(ε), ε)
α+ rg(ψ(ε))
) 1
n
.
Notice that ψ(ε) = ε
1
n a(ε). Statement (a) implies that ψ is continuous at ε = 0 and
ψ(0) = 0. Therefore, a(ε) is also continuous at ε = 0 and a(0) = ´(ϑ(0, 0)/α) 1n .
Defining r(ε) = a(ε)´ a(0) we conclude that
ψ(ε) = ε
1
n a(ε) = ε
1
n a(0) + ε
1
n r(ε).
Since η ą σn, n+12 = a(0) and r(0) = 0, we conclude xε ą ψ(ε). 
Statement (i) of Theorem A will follows from the next result.
Proposition 2. Consider the Filippov system Z = (X+, X´)Σ given by (8), for some k ě 1,
and yερ,λ and y
ε
θ given in (7). For n ě maxt2, 2k ´ 1u, let Φ P Cn´1ST be given as (5) and
consider the regularized system ZΦε (10). Then, there exist ρ0, θ0 ą 0 such that the vertical
segments pVερ,λ = t´ρu ˆ [ε, yερ,λ] and rVεθ = tθu ˆ [yεθ , yεθ + re´ cεq ],
and the horizontal segmentspHερ,λ = [´ρ,´ελ]ˆ tεu and ÐÝH ε = [xε ´ re´ cεq , xε]ˆ tεu,
are transversal sections for ZΦε for every ρ P (ελ, ρ0], θ P [xε, θ0], λ P (0,λ˚), with λ˚ =
n
2k(n´1)+1 , constants c, r, q ą 0, and ε ą 0 sufficiently small.
Proof. First of all, we take ρ0, θ0 ą 0 sufficiently small in order that the points (ρ0, 0)
and (θ0, 0) are contained in U, domain of Z. Given (´ρ, y1) P pVερ,λ and (θ, y2) P rVεθ , we
have A
ZΦε (´ρ, y1) , (1, 0)
E
= pi1ZΦε (´ρ, y1) = X+1 (´ρ, y1) = 1 ‰ 0,A
ZΦε (θ, y2) , (1, 0)
E
= pi1ZΦε (θ, y2) = X
+
1 (θ, y2) = 1 ‰ 0,
respectively, where pi1ZΦε denote the first component of ZΦε . Hence, Vερ,λ and V
ε
θ are
transversal sections for ZΦε .
From Lemma 4, we know that any branch of zeros ψ(ε) of the equation pi2ZΦε (x, ε) =
0 satisfies ψ(ε) = O(ε 12k´1 ). In other words, the zeros of pi2ZΦε (x, ε) lie in an O(ε
1
2k´1 )
neighbourhood of 0. Since ρ P (ελ, ρ0], θ P [xε, θ0], λ P (0,λ˚), the intervals pHερ,λ andÐÝH ε
are always away from anyO(ε 12k´1 ) neighbourhood of 0 and, then, pi2ZΦε (x, ε) does not
admit zeros inside these sections. Consequently, given (x1, ε) P pHερ,λ and (x2, ε) P ÐÝH ε
we have A
ZΦε (x1, ε) , (0, 1)
E
= pi2ZΦε (x1, ε) ‰ 0,A
ZΦε (x2, ε) , (0, 1)
E
= pi2ZΦε (x2, ε) ‰ 0.
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Hence, pHερ,λ andÐÝH ε are transversal sections for ZΦε . 
5.2. Construction of the map Pu. First, we shall see that the backward trajectory of
X+ (8) starting at (´ελ, ε) reaches the straight line tx = ´ρu at (´ρ, yερ,λ) (see (7)).
After that, the map will be obtained through Poincare´-Bendixson argument.
Accordingly, define µ : I(x,y) ˆU ˆ [0, ρ0]Ñ R by
µ(t, x, y, ρ) = ϕ1X+(t, x, y) + ρ,
where ϕX+ = (ϕ1X+ , ϕ
2
X+) is the flow of X
+, I(x,y) is the interval of definition of t ÞÑ
ϕX+(t, x, y), and U Ă R2 is a neighbourhood of (0, 0). Since µ(0, 0, 0, 0) = 0 and
B
Btµ(0, 0, 0, 0) = 1, by the Implicit Function Theorem there exists a unique smooth func-
tion (x, y, ρ) ÞÑ tρ(x, y), defined in a neighbourhood of (x, y, ρ) = (0, 0, 0), such that
t0(0, 0) = 0 and µ(tρ(x, y), x, y, ρ) = 0, i.e. ϕ1X+(tρ(x, y), x, y) = ´ρ. Therefore, for
ρ ą 0 and ε ą 0 sufficiently small, the backward trajectory of X+ starting at (´ελ, ε)
reaches the straight line tx = ´ρu at(
´ ρ, ϕ2X+(tρ(´ελ, ε),´ελ, ε)
)
In order to prove that ϕ2X+(tρ(´ελ, ε),´ελ, ε) = yερ,λ, we shall compute the Taylor
series expansion of the function ϕ2X+(tρ(x, y), x, y) around (x, y, ρ) = (0, 0, 0). Notice
that
(22)
ϕ2X+(tρ(x, y), x, y) = ϕ
2
X+(tρ(x, 0), x, 0) + y
B
By (ϕ
2
X+(tρ(x, y), x, y))
ˇˇˇ
y=0
+O(y2),
= ϕ2X+(tρ(x, 0), x, 0) + y
[
Bϕ2
X+Bt (tρ(x, 0), x, 0))
Btρ
By (x, 0)
+
Bϕ2
X+By (tρ(x, 0), x, 0)
]
+O(y2)
= ϕ2X+(tρ(x, 0), x, 0) + y
[
Bϕ2
X+Bt (tρ(0, 0), 0, 0))
Btρ
By (0, 0)
+
Bϕ2
X+By (tρ(0, 0), 0, 0)
]
+O(xy) +O(y2).
It is easy to see that
Bϕ2X+
Bt (tρ(0, 0), 0, 0)) = f (´ρ, y´ρ) and
Btρ
By (0, 0) = ´
Bϕ1X+
By (tρ(0, 0), 0, 0).
This last equality is obtained implicitly from ϕ1X+(t(0, y, ρ), 0, y) = ´ρ and using that
Bϕ1
X+Bt (tρ(0, 0), 0, 0) = 1. Thus, substituting the above relations into (22), we get
(23)
ϕ2X+(tρ(x, y), x, y) = ϕ
2
X+(tρ(x, 0), x, 0) + y
[
´ f (´ρ, y´ρ)
Bϕ1
X+By (tρ(0, 0), 0, 0)
+
Bϕ2
X+By (tρ(0, 0), 0, 0)
]
+O(xy) +O(y2).
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Expanding the coefficient of y in (23) around ρ = 0, we have
´ f (´ρ, y´ρ)
Bϕ1X+
By (tρ(0, 0), 0, 0) +
Bϕ2X+
By (tρ(0, 0), 0, 0) = 1+O(ρ).
Thus, substituting the above equality into (23), we obtain that
ϕ2X+(tρ(x, y), x, y) = ϕ
2
X+(tρ(x, 0), x, 0) + y(1+O(ρ)) +O(xy) +O(y2).
Furthermore, from [7, Theorem A], we know that
ϕ2X+(tρ(x, 0), x, 0) = y´ρ + βx
2k +O(x2k+1),
where sign(β) = ´sign((X+)2kh(0, 0)), i.e. β ă 0. Thus, we conclude that
ϕ2X+(tρ(x, y), x, y) = y´ρ + βx
2k +O(x2k+1) + y(1+O(ρ)) +O(xy) +O(y2).
Taking x = ´ελ and y = ε, we obtain
(24) ϕ2X+
(
t(´ελ, ε, ρ),´ελ, ε
)
= y´ρ + ε
(
1+O(ρ)
)
+ βε2kλ +O(ε(2k+1)λ) +O(ε1+λ),
which we have called by yερ,λ.
Finally, consider the region
R =
!
(x, y) : ´ρ ď x ď ´ελ, ε ď y ď ϕ2X+
(
t,´ελ, ε
)
,@t P [0, t(´ελ, ε, ρ)]
)
,
which is delimited by pVερ,λ, pHερ,λ, and the arc-orbit connecting (´ρ, yερ,λ) with (´ελ, ε).
Since X+ has no singularities inside R, we conclude that the forward trajectory of X+
starting at any point of the transversal section pVερ,λ must leave R through the transver-
sal section pHερ,λ. This naturally defines the map Pu : pVερ,λ ÝÑ pHερ,λ.
5.3. Exponentially attraction and construction of the map Quε . As we saw in Section
4, the Fenichel manifold Sa,ε of (11) is described as a graphpy = m(x, ε), ´L ď x ď ´N, 0 ď ε ď ε0,
where m(x, ε) is a smooth function, and L ą N ą 0 and ε0 ą 0 are small parameters.
Notice that
(25) m(x, 0) = m0(x) = φ´1
(
1+ αx2k´1 + g(x)
1´ αx2k´1 ´ g(x)
)
,
which is the critical manifold of the system (12)ε=0. Thus, we write
m(x, ε) = m0(x) + εm1(x) +O(ε2),
for every ´L ď x ď ´N and 0 ď ε ď ε0. Since Sa,ε is an invariant manifold for (12), the
function m(x, ε) satisfies
ε
Bm
Bx (x, ε) =
1+ f (x, εm(x, ε)) + φ(m(x, ε))( f (x, εm(x, ε))´ 1)
1+ φ(m(x, ε))
.
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Hence, using that
(26) φ1(m0(x)) =
2α(2k´ 1)x2k´2 + 2g1(x)
m10(x)(´1+ αx2k´1 + g(x))2
,
we can compute
(27) m1(x) =
´m10(x)(m10(x)´m0(x)ϑ(x, 0))
α(2k´ 1)x2k´2 + g1(x) .
The next result provides some estimations for m0(x).
Proposition 3. For ´L ď x ă 0 there exist positive constants C1, C2 such that
(28)
C1 n
a|x|2k´1 ď 1´m0(x) ď C2 na|x|2k´1,
C1
n
a|x|n´2k+1 ď m10(x) ď C2na|x|n´2k+1 ,
Proof. In order to obtain the above estimatimations, we consider the equation φ(yˆ) =
φ(m0(x)) for ´1 ă yˆ ă 1 and ´L ď x ă 0. Of course, yˆ = m0(x).
On the other hand, from (25),
(29) φ(m0(x)) = 1+ 2αx2k´1 +O(x2k).
In addition, expanding φ(yˆ) around yˆ = 1 we get
(30) φ(py) = 1+ φ(n)(1)
n!
(py´ 1)n +O((py´ 1)n+1).
Subtracting (30) from (29) we get that the equation φ(yˆ) = φ(m0(x)) is equivalent to
the system $’&’%
s = (yˆ´ 1)n,
u = x2k´1,
H(s, u) ..= φ
(n)(1)
n! s´ 2αu +O(s
n+1
n ) +O(u 2k2k´1 ) = 0.
Since H(0, 0) = 0 and BHBs (0, 0) =
φ(n)(1)
n! ‰ 0, the Implicit Function Theorem implies the
existence of a unique function s(u), defined in a small neighborhood of u = 0, such
that s(0) = 0 and H(s(u), u) = 0. Moreover,
s(u) =
2αn!
φ(n)(1)
u +O(u2).
Therefore, the equation φ(yˆ) = φ(m0(x)) is solved as yˆ = 1´ ((´1)ns(x2k´1)) 1n . Recall
that φ = Φ
ˇˇ
[´1,1], where Φ P Cn´1ST . Thus, from Definition 1, sign
(
φ(n)(1)
)
= (´1)n+1.
Consequently,
(31) m0(x) = yˆ = 1´ n
d
2αn!
|φ(n)(1)|
n
b
|x|2k´1 +O(|x|1+ 2k´1n ), ´L ď x ď 0.
Finally, the inequalities (28) are obtained directly from (31). 
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The next Proposition is a technical result, which is proved in Appendix.
Proposition 4. Consider ´L ă ´N ă 0 and 0 ă λ ď λ˚ = n2k(n´1)+1 . Then, there exist
K ą 0 and ε0 ą 0, such that, if 0 ď ε ď ε0 the invariant manifold py = m(x, ε) satisfies
(32) m0(x)´ εKn?x2k(n´2)+2 ď m(x, ε) ď m0(x),
for ´L ď x ď ´ελ.
From Theorem 1 (Fenichel Theorem), we know that, for ε ą 0 sufficiently small, the
Fenichel manifold Sa,ε exponentially attracts all the solutions with initial conditions
(x0, 1), with ´L ď x0 ď ´N, for any small positive real numbers L ą N. In the next
result, we show that this exponential attraction holds for any (x0, 1) with ´L ď x0 ď
´ελ. Consider the equation for the orbits of system (12)
(33) ε
dpy
dx
=
1+ f (x, εpy) + φ(py)( f (x, εpy)´ 1)
1+ φ(py) .
Proposition 5. Fix 0 ă λ ă λ˚ = n2k(n´1)+1 . Let x0 P [´L,´ελ] and consider the solutionpy(x, ε) of the differential (33) satisfying py(x0, ε) = 1. Then, there exist positive numbers c and
r such that
|py(x, ε)´m(x, ε)| ď re´ cε(|x0| 1λ˚ ´|x| 1λ˚ ),
for x0 ď x ď ´ελ˚ .
Proof. Performing the change of variables ω = py´m(x, ε) in equation (33), we get
(34) ε
dω
dx
= ´ξ(x, ε)φ1(m(x, ε))ω´ ξ(x, ε)F(x,ω, ε),
where,
F(x,ω, ε) = φ(m(x, ε) +ω)´ φ(m(x, ε))´ φ1(m(x, ε))ω
and
ξ(x, ε) =
2(
1+ φ(m(x, ε))
)(
1+ φ(m(x, ε) +ω(x, ε))
)
+
ε
(
m(x, ε)ϑ(x, εm(x, ε))´ (ω(x, ε) + m(x, ε))ϑ(x, ε(ω(x, ε) + m(x, ε)))
)
φ(m(x, ε) +ω(x, ε))´ φ(m(x, ε)) .
Here, we are denoting ω(x, ε) = py(x, ε) ´ m(x, ε), which is the solution of (34) with
initial condition ω(x0, ε) = 1´m(x0, ε). Therefore, we also have that
ω(x, ε) = e´
1
ε
şx
x0
ξ(s,ε)φ1(m(s,ε))ds rω(x, ε),
where
rω(x, ε) = ω(x0, ε)´ 1
ε
ż x
x0
e
1
ε
şν
x0
ξ(s,ε)φ1(m(s,ε))ds
ξ(ν, ε)F(ν,ω(ν, ε), ε)dν.
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In what follows we shall estimate |ω(x, ε)|. First, notice that F writes
(35) F(x,ω, ε) = A(x, ε)ω,
where
A(x, ε) =
ż 1
0
φ1(m(x, ε) + sω(x, ε))´ φ1(m(x, ε))ds.
We claim that A(x, ε) is negative for ´L ď x ď 0 and L, ε ą 0 small enough. Indeed,
from (30), we obtain
(36) φ2(py) = φ(n)(1)
(n´ 2)! (py´ 1)n´2 +O((py´ 1)n´1), py ď 1.
Again, recall that φ = Φ
ˇˇ
[´1,1], whereΦ P Cn´1ST . Hence, from Definition 1, sign
(
φ(n)(1)
)
=
(´1)n+1. Thus, from (36), we get the existence of η ą 0 such that φ2(py) ă 0 for all
1´ η ă py ă 1. This means that φ1 is decreasing for 1´ η ă py ď 1. Notice that
(37) m(x, ε) ď m(x, ε) + sω(x, ε) ď (1´ s)m(x, ε) + s ď 1, for all 0 ď s ď 1,
Thus, it remains to show that m(x, ε) + sω(x, ε), m(x, ε) ą 1´ η for ´L ď x ă 0 and
L, ε ą 0 small enough. From Proposition 4 and (28), we have that
(38) m(x, ε) ě m0(x)´ εKn?x2k(n´2)+2 ě 1´ C2
n
a
L2k´1 ´ ε1´λ˚
(
2k(n´2)+2
n
)
K,
for ε, L ą 0 small enough. Therefore, L and ε can be taking smaller, if necessary, in
order that C2
n
?
L2k´1 + ε1´λ
˚
(
2k(n´2)+2
n
)
KM ă η. This implies that
m(x, ε) + sω(x, ε) ě m(x, ε) ą 1´ η.
Consequently, A(x, ε) is negative.
Hence, by (35), we have that
| rω(x, ε)| = |ω(x0)|+ 1
ε
ż x
x0
|ξ(ν, ε)A(ν, ε) rω(ν, ε)|dν
ď |ω(x0)| ´ 1
ε
ż x
x0
ξ(ν, ε)A(ν, ε)| rω(ν, ε)|dν.
Using Gronwall’s Lemma, we get that
| rω(x, ε)| ď |ω(x0)|e´ 1ε şxx0 ξ(ν,ε)A(ν,ε)dν
and, therefore,
|ω(x, ε)| ď |ω(x0)|e´
1
ε
şx
x0
ξ(ν,ε)(A(ν,ε)+φ1(m(ν,ε)))dν
ď |ω(x0)|e´
1
ε
şx
x0
ξ(ν,ε)(
ş1
0 φ
1(m(ν,ε)+sω(ν,ε))ds)dν.
To conclude this proof, notice that
ξ(x, ε) =
2(
1+ φ(m0(x))
)(
1+ φ(ω(x, 0) + m0(x))
) +O(ε).
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Thus, L, ε ą 0 can be taken small enough in order that ξ(x, ε) ě l ą 0, for every x P
[´L, 0]. Moreover, from (30), given 0 ă η ă 1, there exist positive constants c1, c2 ą 0
such that
c1(1´ py)n´1 ď φ1(py) ď c2(1´ py)n´1, for |py´ 1| ă η.
Finally, using (37) and (38), we obtain that |m(ν, ε) + sω(ν, ε) ´ 1| ă η. Hence, for
x ď ´ελ˚ , we have that
|ω(x, ε)| ď |ω(x0)|e´
c1 l
ε
şx
x0
(
ş1
0(1´m(ν,ε)´sω(ν,ε))n´1ds)dν
ď |ω(x0)|e´
c1 l
ε
şx
x0
(
ş1
0((1´m(ν,ε))(1´s))n´1ds)dν
ď |ω(x0)|e´
c1 l
nε
şx
x0
(1´m(ν,ε))n´1dν
ď |ω(x0)|e´
c1 l
nε
şx
x0
(1´m0(ν))n´1dν
ď |ω(x0)|e´
c1 l
nε
şx
x0
(C1|ν| 2k´1n )n´1dν
ď |ω(x0)|e´ cε (|x0|
1
λ˚ ´|x| 1λ˚ ),
where c = c1lC
n´1
1
2k(n´1)+1 is a positive constant. The inequality (28) has also been used. 
Sa,ε
xε´ελ´ρ ´ελ˚ py = 1
FIGURE 12. The exponential attraction of Sa,ε.
Fix 0 ă λ ă λ˚. From Proposition 5, applied to x0 = ´ελ and x = ´ελ˚ , we know
that there exist positive numbers r and c such that
|py(´ελ˚ , ε)´m(´ελ˚ , ε)| ď re´ cε(|´ελ| 1λ˚ ´|´ελ˚ | 1λ˚ )
= re´
c
εq ,
where r = rec and q = 1´ λλ˚ are positive constants. Thus,py(´ελ˚ , ε) = m(´ελ˚ , ε) +O(e´c/εq).
Hence, arguing analogously to the construction of map Pu (see Section 5.2), any
solution of the system 12 with initial condition in the interval [´ρ,´ελ], ε sufficiently
small, reaches the section x = ´ελ˚ exponentially close to the Fenichel manifold (see
Figure 12). From Proposition 1, these solutions can be continued until the section
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yˆ = 1. Going back through the rescaling y = εyˆ, we get defined the following map
through the flow of (10),
Quε : pHερ,λ ÝÑ ÐÝH ε
(x, ε) ÞÝÑ
(
xε +O(e´c/εq), ε
)
,
where pHερ,λ = [´ρ,´ελ]ˆ tεu andÐÝH ε = [xε ´ re´ cεq , xε]ˆ tεu, for ε ą 0 small enough.
5.4. Construction of the map Ru. In order to define the map Ru, we first prove the
following result.
Proposition 6. Consider the Filippov system Z = (X+, X´)Σ given by (8), for some k ě 1,
and yερ,λ and y
ε
θ given in (7). For n ě maxt2, 2k ´ 1u, let Φ P Cn´1ST be given as (5) and
consider the regularized system ZΦε (10). Then, there exists θ0 ą 0 such that, for each θ P
[xε, θ0], the Fenichel manifold Sa,ε intersects tx = θu at (θ, yεθ).
Proof. By Proposition 1 we know that the Fenichel manifold Sa,ε intersects ty = εu
at (xε, ε). In order to continue Sa,ε into x = θ, consider the solutions (x(t), y(t)) of the
differential system (9) with initial condition x(0) = xε and y(0) = ε. Thus, x(t) = t+ xε
and
y(t) = ε+
ż t
0
α(s + xε)2k´1 + g(s + xε) + y(s, ε)ϑ(s + xε, y(s, ε))ds.
Therefore, the trajectory (x(t), y(t)) intersects tx = θu at (θ, yεθ), with
yεθ ..= y(θ ´ xε) =
αθ2k
2k
´ αx
2k
ε
2k
+ ε+ Gε(xε, θ),
where
Gε(x, θ) =
ż θ
x
[g(s) + y(s´ x, ε)ϑ(s, y(s´ x, ε))]ds.
In what follows, we shall develop Gε(xε, θ) in Taylor series around (x, θ, ε) = (0, 0, 0).
First, notice that
(39) Gε(x, θ) = Gε(0, θ) +
2k´1ÿ
i=1
BiGε
Bxi (0, θ)x
i +O(x2k),
and
(40) Gε(0, θ) = G0(0, θ) + ε
B
BεGε(0, θ)
ˇˇˇ
ε=0
+O(ε2).
Thus, substituting (40) into (39) and taking x = xε, we have
(41)
Gε(xε, θ) = G0(0, θ) + ε
B
BεGε(0, θ)
ˇˇˇ
ε=0
+
2k´1ÿ
i=1
BiG0
Bxi (0, θ)x
i
ε +O(ε2) +O(εxε) +O(x2kε ).
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Now, in order to estimate G0(0, θ) and BBεGε(0, θ)
ˇˇˇ
ε=0
in (41), we compute
(42) Gε(0, θ) = Gε(0, 0) + θ
BGε
Bθ (0, 0) +O(θ
2) = θ
BGε
Bθ (0, 0) +O(θ
2).
We know that
G0(0, θ) =
ż θ
0
[g(s) + y0(s)ϑ(s, y0(s))]ds,
where y0 satisfies the following Cauchy problem"
y10 = αt2k´1 + g(t) + y0ϑ(t, y0),
y0(0) = 0.
Notice that y(i)0 (0) = 0 for i = 0, 1, . . . , 2k´ 1 and y(2k)0 (0) = (2k´ 1)!α. Thus,
(43) y0(t) =
α
2k
t2k +O(t2k+1)
and BG0
Bθ (0, θ) = g(θ) + y0(θ)ϑ(s, y0(θ))
= g(θ) +
αθ2k
2k
ϑ(s, y0(θ)) +O(θ2k+1)
= O(θ2k).
Hence, we conclude that
(44) G0(0, θ) = O(θ2k+1).
Analogously,
Gε(0, θ) =
ż θ
0
[g(s) + y(s, ε)ϑ(s, y(s, ε))]ds
and, then, BGεBθ (0, 0) = εϑ(0, ε). Therefore, by (42), Gε(0, θ) = θεϑ(0, ε) +O(θ2). Hence,
(45)
BGε
Bε (0, θ)
ˇˇˇ
ε=0
= O(θ).
Finally, in order to estimate the remainder terms in (41), we compute
(46) G0(x, θ) = G0(x, 0) + θ
BG0
Bθ (x, 0) + . . . + θ
2k´1 B2k´1G0
Bθ2k´1 (x, 0) +O(θ
2k).
Using the definition of G0(x, θ) and (43), we get that
(47)
Bi
Bxi
B j
Bθ j G0(0, 0) = 0,
for all j P t0, . . . , 2k´ 1u and i P t1, . . . , 2k´ ju. So, by (46) and (47), we obtain that
(48)
BiG0
Bxi (0, θ) = O(θ
2k+1´i),
for all i P t1, . . . , 2k´ 1u.
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Substituting (44), (45), and (48) into (41), we get
Gε(xε, θ) = G0(0, θ) +O(εθ) +O(ε2) +
2k´1ÿ
i=1
O(θ2k+1´ixiε) +O(εxε) +O(x2kε )
= O(θ2k+1) +O(εθ) +
2k´1ÿ
i=1
O(θ2k+1´ixiε) +O(x2kε ).
Consequently,
yεθ =
αθ2k
2k
´ αx
2k
ε
2k
+ ε+O(θ2k+1) +O(εθ) +
2k´1ÿ
i=1
O(θ2k+1´ixiε) +O(x2kε ),
Therefore, by Lemma 1 we can conclude that y0θ = y(θ) = yθ , i.e.
yεθ = yθ + ε+O(εθ) +
2k´1ÿ
i=1
O(θ2k+1´ixiε) +O(x2kε ).
In particular, for θ = xε, we obtain that
yεxε = yxε + ε+O(εxε) +O(x2k+1ε ) +O(x2kε )
= yxε + ε+O(εxε) +O(x2kε ).

Finally, from Proposition 6 and arguing analogously to the construction of map Pu
(see Section 5.2), we get defined the map
Ru : ÐÝH ε ÝÑ rVεθ
(x, ε) ÞÝÑ
(
θ, yεθ +O(e´c/ε
q
)
)
,
whereÐÝH ε = [xε ´ re´ cεq , xε]ˆ tεu and rVεθ = tθu ˆ [yεθ , yεθ + re´ cεq ], for all θ P [xε, θ0] and
ε ą 0 small enough.
5.5. Proof of Theorem A. Consider a Filippov system Z = (X+, X´)Σ satisfying hy-
pothesis (A) for some k ě 1. For n ě 2k ´ 1, let Φ P Cn´1ST be given as (5) and con-
sider the regularized system ZΦε (4). As noticed in Remark 1, we shall assume that
n ě maxt2, 2k´ 1u.
From the comments of Section 3, we can assume that Z
ˇˇ
U can be written as (8),
which has its regularization given by (10). Thus, statement (a) of Theorem A follows
from Proposition (2). Finally, statement (b) follows by taking the composition
Uε : pVερ,λ ÝÑ rVεθ
(´ρ, y) ÞÝÑ Ru ˝Quε ˝ Pu(´ρ, y),
where Pu, Quε , and Ru are defined in Sections 5.2, 5.3, and 5.4, respectively. Indeed,
the existence of ρ0 and θ0 ą 0 are guaranteed by the construction of the map Pu (see
Section 5.2) and Proposition 6, respectively. The existence of constants c, r, q ą 0, for
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y´ρ yθ
Uε(y)
yερ,λ
Pu(y)
Sa,ε
xε
´ελ
Tangential contacts
yεθy
Quε ˝ Pu(y)(0, 0)
x = θx = ´ρ
Σ
y = ε
y = ´ε
FIGURE 13. The map Uε = Ru ˝Quε ˝ Pu for the regularized system ZΦε .
The dotted curve is the trajectory of X+ passing through the visible 2k-
order contact with Σ with (0, 0). One can see the exponential attraction
of the Fenichel manifold Sa,ε.
which Uε(´ρ, y) = yεθ +O(e´
c
εq ) is guaranteed by the construction of the map Quε (see
Section 5.3). Furthermore, by construction of the maps Pu, Quε and Ru, we have that the
trajectories of ZΦε starting at the section pVερ,λ intersect the line y = ε only in two points
before reaching the section rVεθ,λ. Moreover, these intersections take place at pHερ,λ YÐÝH ε.
6. LOWER FLIGHT MAP
This section is devoted to prove Theorem B. Analogously to the previous section,
we need to guarantee that under some conditions the flow of the regularized system
ZΦε near a visible regular-tangential singularity defines a map between two sections,
in this case, a horizontal section and a vertical section. Again, it will be convenient
to write this map as the composition of three maps, namely Pl , Qlε and Rl . The maps
Pl and Qlε will be defined through the flow of ZΦε restricted to the band of regular-
ization, and the map Rl will be given by the flow of ZΦε defined outside the band of
regularization. In what follows, we shall define the maps Pl , Qlε and Rl (see Figure 14).
First of all, the next result is obtained following the same argument than Proposition
2.
Proposition 7. Consider the Filippov system Z = (X+, X´)Σ given by (8), for some k ě 1,
and yεθ given in (7). For n ě maxt2, 2k´ 1u, let Φ P Cn´1ST be given as (5) and consider the
regularized system ZΦε (10). Then, there exist ρ0, θ0 ą 0, such that the vertical segmentqVεθ = tθu ˆ [yεθ ´ re´ cεq , yεθ ],
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x
Rl(z)
Pl(x) = y
Qlε(y) = z
(0, 0)
x = θx = ´ρ
Σ
y = ε
y = ´ε
y = εpy0
FIGURE 14. Dynamics of the maps Pl , Qlε and Rl . The dotted curve is
the trajectory of X+ passing through the visible 2k-order contact with
Σ with (0, 0).
and the horizontal segmentsqHερ,λ = [´ρ,´ελ]ˆ t´εu and ÝÑH ε = [xε, xε + re´ cεq ]ˆ tεu
are transversal sections for every ρ P (ελ, ρ0], θ P [xε, θ0], λ P (0,λ˚), with λ˚ = n2k(n´1)+1 ,
constants c, r, q ą 0, and ε ą 0 sufficiently small.
As before, statement (i) of Theorem B will follows from Proposition 7.
6.1. Construction of the map Pl . First, we shall see that the forward trajectory of ZΦε
(12) starting at (´ελ,´1) reaches the straight line tyˆ = yˆ0u, with yˆ0 P (1´ η, 1), for
some η ą 0 small enough. After that, the map will be obtained through Poincare´-
Bendixson argument.
Accordingly, consider a function rµ : I(x,py) ˆ pU ˆ [0, ε0]Ñ R given byrµ(τ, x,´1, ε) = ϕ2
ZΦε
(τ, x,´1)´ py0,
where ϕ
ZΦε
= (ϕ1
ZΦε
, ϕ2
ZΦε
) denotes the flow of ZΦε , I(x,py) is the maximal interval of def-
inition of τ ÞÑ ϕ
ZΦε
(τ, x, yˆ), ε0 ą 0 is sufficiently small, and pU is the domain of the
vector field Z in the (x, py)-coordinates.
Now, for each py P [´1, py0] and ε = 0, we have
ϕ
ZΦ0
(0, 0, py) = (0, py) and Bϕ2ZΦ0Bτ (0, 0, py) = 1´Φ(py)2 ą 0.
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Then, there exists τ0 ą 0 such that ϕZΦ0 (τ0, 0,´1) = (0, py0). In this way,
rµ(τ0, 0,´1, 0) = 0 and BrµBτ (τ0, 0,´1, 0) = 1´Φ(py0)2 ‰ 0.
Thus, from Implicit Function Theorem there exists a unique smooth function τ(x, ε),
such that, ϕ2
ZΦε
(τ(x, ε), x,´1) = py0 and τ(0, 0) = τ0. Therefore, for ε ą 0 sufficiently
small, the forward trajectory of ZΦε starting at (´ελ,´1) reaches the straight line tyˆ =
yˆ0u at (
ϕ1
ZΦε
(τ(´ελ,´1),´ελ,´1), yˆ0
)
.
In what follows we shall compute the Taylor expansion of ϕ1
ZΦε
(τ(x, ε), x,´1) around
(x, ε) = (0, 0). Notice that
(49)
ϕ1
ZΦε
(τ(x, ε), x,´1) = ϕ1
ZΦ0
(τ(x, 0), x,´1) +O(ε)
= ϕ1
ZΦ0
(τ(0, 0), 0,´1) + x BBx
(
ϕ1
ZΦ0
(τ(x, 0), x,´1)
) ˇˇˇ
x=0
+O(x2) +O(ε)
= ϕ1
ZΦ0
(τ0, 0,´1) + x
Bϕ1ZΦ0Bτ (τ(x, 0), x,´1)BτBx (x, 0)
+
Bϕ1
ZΦ0
Bx (τ(x, 0), x,´1)
 ˇˇˇ
x=0
+O(x2) +O(ε).
Substituting
ϕ1
ZΦε
(τ0, 0,´1) = 0 and
Bϕ1
ZΦ0
Bτ (τ0, 0,´1) = 0
into (49), we have
(50)
ϕ1
ZΦε
(τ(x, ε), x,´1) = x
Bϕ1ZΦ0Bτ (τ0, 0,´1)BτBx (0, 0) +
Bϕ1
ZΦ0
Bx (τ0, 0,´1)

+O(x2) +O(ε)
= x
Bϕ1
ZΦ0
Bx (τ0, 0,´1) +O(x
2) +O(ε).
Now, notice that
Bϕ
ZΦ0Bx (τ, 0,´1) is solution of the differential equation
u1 = DZΦ0 (0, ϕ2ZΦ0
(τ, 0,´1))u,
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with
DZΦ0 (0, ϕ
2
ZΦ0
(τ, 0,´1)) =

0 0
˚ ´
Φ1
(
ϕ2
ZΦ0
(τ, 0,´1)
)
2
 .
Consequently,
[
u11(τ)
u12(τ)
]
=

0 0
˚ ´
Φ1
(
ϕ2
ZΦ0
(τ, 0,´1)
)
2
 [u1(τ)u2(τ)
]
=
[
0
˚˚
]
,
which implies that u1(τ) is constant. Since
Bϕ1
ZΦ0
Bx (τ0, 0,´1) =
Bϕ1
ZΦ0
Bx (0, 0,´1) = 1,
we conclude, by (50), that
ϕ1
ZΦε
(τ(x, ε), x,´1) = x +O(x2) +O(ε).
Taking x = ´ελ, we get
ϕ1
ZΦε
(τ(´ελ, ε),´ελ,´1) = ´ελ +O(ε2λ) +O(ε) =.. xελ.
Finally, consider the region K delimited by the curves y = ´ε, y = εpy0, y = m(x, ε),
y = ´ xε ´ ( ρε + ε) and the arc-orbit connecting (´ελ,´ε) and (xελ, ε yˆ0). Since Z
Φ
ε has no
singularities inside K, one can easily see that the forward trajectory of ZΦε starting at
any point of the transversal section qHερ,λ must leave K through the transversal section
t(x, y) P U : y = εpy0u. This naturally defines a map
Pl : qHερ,λ ÝÑ t(x, y) P U : y = εpy0u.
6.2. Exponentially attraction and construction of the map Qlε. As we saw in Section
5.3, for L, N ą 0 and ε0 ą 0 small enough, the Fenichel manifold Sa,ε is described as
m(x, ε) = m0(x) + εm1(x) +O(ε2),
for ´L ď x ď ´N and 0 ď e ď ε0, where m0 and m1 were defined in (25) and (27).
Now, we shall compute the intersection of m(x, ε) with the straight line tyˆ = yˆ0u
with 1´ η ă py0 ă 1, for some η ą 0 small enough. Indeed, since m0(0) = 1 and
lim
xÑ´8m0(x) = ´1,
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then there exists a negative number px0 such that m0(px0) = py0. Moreover, px0 is close to
zero because py0 is near to 1 and m0(0) = 1. After that, consider the functionpµ(x, ε) = m(x, ε)´ py0,
and notice that pµ(px0, 0) = m0(px0)´ py0 = 0 and BµˆBx (px0, 0) = BmBx (px0, 0) = m10(px0) ‰ 0,
where we have used equation (31). Thus, there exists a smooth function px(ε), such
that px(0) = px0 and m(px(ε), ε) = py0. Accordingly, from (27), we have
px1(0) = ´ BmBε (px0, 0)Bm
Bx (px0, 0)
= ´m1(px0)
m10(px0) = m
1
0(px0)´m0(px0)ϑ(px0, 0)
α(2k´ 1)px2k´20 + g1(px0) .
The last expression is positive, because m10(x) Ñ 8 when x Ñ 0 and m0(x)ϑ(x, 0)
is bounded in the interval [´L, 0], with L sufficiently small. Therefore, the Taylor
expansion of px(ε) around ε = 0 writespx(ε) = px0 + εpx1(0) +O(ε2)
and, consequently, px0 ă px(ε) ă 0 for ε sufficiently small.
Proposition 8. Fix 0 ă λ ă λ˚ = n2k(n´1)+1 . Let x0 P [px(ε),´κελ], with 0 ă κ ă 1, and
consider the solution py(x, ε) of system (33) satisfying py(x0, ε) = yˆ0. Then, there exist positive
numbers C and r such that
|m(x, ε)´ py(x, ε)| ď re´ Cε (|x0| 1λ˚ ´|x| 1λ˚ ),
for x0 ď x ď ´ελ˚ .
Proof. Performing the change of variables ω = m(x, ε)´ py in equation (33), we have
(51) ε
dω
dx
= ξ(x, ε)φ1(m(x, ε))ω+ ξ(x, ε)F(x,ω, ε),
where
F(x,ω, ε) = φ(m(x, ε)´ω)´ φ(m(x, ε))´ φ1(m(x, ε))ω
and
ξ(x, ε) =
2(
1+ φ(m(x, ε))
)(
1+ φ(m(x, ε)´ω(x, ε))
)
+
ε
(
m(x, ε)ϑ(x, εm(x, ε))´ (m(x, ε)´ω(x, ε))ϑ(x, ε(ω(x, ε)´m(x, ε)))
)
φ(ω(x, ε)´m(x, ε))´ φ(m(x, ε)) .
Here, we are denoting ω(x, ε) = m(x, ε) ´ py(x, ε) which is the solution of (51) with
initial condition ω(x0, ε) = m(x0, ε)´ yˆ0.
Notice that F writes
(52) F(x,ω, ε) = A(x, ε)ω,
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where
A(x, ε) = ´
ż 1
0
φ1(m(x, ε) + (s´ 1)ω(x, ε)) + φ1(m(x, ε))ds.
Here, as in the proof of Proposition 5, we also claim that A(x, ε) is negative for ´L ď
x ď 0 and ε sufficiently small. Indeed, we know that φ1 ą 0 on the interval (´1, 1). In
addition, since for ε ą 0 small enough we have m(x, ε) ą py(x, ε) and dpy
dx
(x) ą 0 for
x ě x0, then the solution ω(x, ε) satisfies
0 ď ω(x, ε) ď m(x, ε)´ py0.
Hence, from Proposition 4 and (28) we get
(53)
m(x, ε)+ (s´1)ω(x, ε) ď m(x, ε) ď m0(x, ε) ď 1´C1 n
b
|x|2k´1 ď 1´C1 n
a
eλ
˚(2k´1) ă 1,
and
(54) m(x, ε) + (s´ 1)ω(x, ε) ě m(x, e)s´ (s´ 1)py0 ě py0 ą 1´ η, ,
for 0 ď s ď 1 and η, ε ą 0 small enough. Therefore, we conclude that A(x, ε) is
negative.
In this way, by (51) and (52), we obtain
e
dω
dx
= ξ(x, e)(φ1(m(x, e))ω+ F(x,ω, e))
= ξ(x, e)(φ1(m(x, e)) + A(x, e))ω
= ´ξ(x, e)
( ż 1
0
φ1(m(x, ε) + (s´ 1)ω(x, ε))ds
)
ω,
which has its solution with initial condition ω(x0) given by
ω(x, ε) = ω(x0)e
´ 1ε
şx
x0
ξ(ν,ε)(
ş1
0 φ
1(m(ν,ε)+(s´1)ω(ν,ε))ds)dν.
Thus,
|ω(x, ε)| = |ω(x0)|e´
1
ε
şx
x0
ξ(ν,ε)(
ş1
0 φ
1(m(ν,ε)+(s´1)ω(ν,ε))ds)dν.
To conclude this proof, we shall estimate |ω(x, ε)|. For this, notice that
ξ(x, ε) =
2(
1+ φ(m0(x))
)(
1+ φ(m0(x)´ω(x, 0))
) +O(ε).
Hence, L, ε ą 0 can be taken sufficiently small in order that ξ(x, ε) ě l ą 0, for all
´L ď x ď 0. Moreover, given 0 ă η ă 1, there exist positive constants c1, c2 such that
for |py´ 1| ă η one has
c1(1´ py)n´1 ď φ1(py) ď c2(1´ py)n´1.
Finally, using (53) and (54), we obtain that |m(ν, ε) + (s´ 1)ω(ν, ε)´ 1| ă η. Therefore,
for x ď ´eλ˚ , we get that
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|ω(x, ε)| ď |ω(x0)|e´
c1
ε
şx
x0
ξ(ν,e)(
ş1
0(1´m(ν,ε)´(s´1)ω(ν,ε))n´1ds)dν
ď |ω(x0)|e´
lc1
ε
şx
x0
(
ş1
0(1´m(ν,ε))n´1ds)dν
ď |ω(x0)|e´
lc1
ε
şx
x0
(1´m(ν,ε))n´1dν
ď |ω(x0)|e´
lc1
ε
şx
x0
(1´m0(ν))n´1dν
ď |ω(x0)|e´
lc1
ε
şx
x0
(C1|ν| 2k´1n )n´1dν
ď |ω(x0)|e´ Cε (|x0|
1
λ˚ ´|x| 1λ˚ ),
where C = nlc1C
n´1
1
2k(n´1)+1 is a positive constant. The inequality (28) has also been used. 
Sa,ε
xελpx(ε) ´ελ˚ py = py0
py = 1xε
FIGURE 15. The exponential attraction of Sa,ε.
Fix 0 ă λ ă λ˚. From Proposition 8, applied to x0 = xελ and x = ´ελ
˚
, where
x0 ď ´κελ for some κ P (0, 1), we know that there exist positive numbers rand C such
that
|m(´ελ˚ , ε)´ py(´ελ˚ , ε)| ď re´ Cε (|xλε | 1λ˚ ´|´ελ˚ | 1λ˚ )
ď re´ cεq ,
where c = Cκ
1
λ˚ , r = reC and q = 1´ λλ˚ are positive constants. Hence,py(´ελ˚ , ε) = m(´ελ˚ , ε) +O(e´c/εq).
Thus, arguing analogously to the construction of map Pl (see Section 6.1), any solution
of the system 12 with initial condition in the interval [px(ε), xελ], ε sufficiently small,
reaches the section x = ´ελ˚ exponentially close to the Fenichel manifold (see Figure
15). From Proposition 1, these solutions can be continued until the section yˆ = 1.
Going back through the rescaling y = εyˆ, we get defined the following map through
the flow of (10),
Qlε : [px(ε), xελ]ˆ ty = εpy0u ÝÑ ÝÑH ε
(x, ε) ÞÝÑ
(
xε +O(e´c/εq), ε
)
,
where ÝÑH ε = [xε, xε + re´ cεq ]ˆ tεu, for ε ą 0 small enough.
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6.3. Construction of the map Rl . Finally, from Proposition 6 and arguing analogously
to the construction of map Pl (see Section 6.1), we get defined the map
Rl : ÝÑH ε ÝÑ qVεθ
(x, ε) ÞÝÑ
(
θ, yεθ +O(e´c/ε
q
)
)
,
where ÝÑH ε = [xε, xε + re´ cεq ]ˆ tεu and qVεθ = tθu ˆ [yεθ ´ re´ cεq , yεθ ], for every θ P [xε +
re´
c
εq , θ0], and ε ą 0 small enough.
´ελ
Sa,ε
yεθ
y´ρ yθ
xεpx(ε) xελ
x
Lε(x) = Rl ˝Qlε ˝ Pl(x)
Pl(x)
Qlε ˝ Pl(x)
(0, 0)
x = θx = ´ρ
Σ
y = ε
y = ´ε
y = εpy0
FIGURE 16. The map Lε = Rl ˝Qlε ˝ Pl for the regularized system ZΦε .
The dotted curve is the trajectory of X+ passing through the visible 2k-
order contact with Σ with (0, 0). One can see the exponential attraction
of the Fenichel manifold Sa,ε.
6.4. Proof of Theorem B. Consider a Filippov system Z = (X+, X´)Σ satisfying hy-
pothesis (A) for some k ě 1. For n ě 2k ´ 1, let Φ P Cn´1ST be given as (5) and con-
sider the regularized system ZΦε (4). As noticed in Remark 1, we shall assume that
n ě maxt2, 2k´ 1u.
From the comments of Section 3, we can assume that Z
ˇˇ
U can be written as (8),
which has its regularization given by (10). Thus, statement (a) of Theorem B follows
from Proposition (7). Finally, statement (b) follows by taking the composition
Lε : qHερ,λ ÝÑ qVεθ
(x,´ε) ÞÝÑ Rl ˝Qlε ˝ Pl(x,´ε).
where Pl , Qlε, and Rl are defined in Sections 6.1, 6.2, and 6.3, respectively. Indeed,
the existence of ρ0 and θ0 ą 0 are guaranteed by the construction of the map Pl (see
Section 6.1) and Proposition 6, respectively. The existence of constants c, r, q ą 0, for
44 D. D. NOVAES AND G. A. R. VIELMA
which Lε(x,´ε) = yεθ +O(e´
c
εq ) is guaranteed by the construction o the map Qlε (see
Section 6.2).
7. REGULARIZATION OF BOUNDARY LIMIT CYCLES
Assume that the Filippov system Z = (X+, X´)Σ satisfies hypothesis (B) for some
k ě 1 (see Section 2.2). Therefore, from the comments of Section 3, we can assume
that, for some neighborhood U Ă R2 of the origin, ZˇˇU is written as (8), which has its
regularization given by (10).
Consider the transversal section S = t(x, y) P U : x = 0u. From hypothesis (B), the
flow of Z defines a Poincare´ map pi : S1 ÝÑ S around the limit cycle Γ. Here, S1 Ă S
is an open set (in the topology induced by S) containing (0, 0). Accordingly, pi(0) = 0
and, since Γ is hyperbolic, pi1(0) = K ‰ 0. Moreover, one can easy see that K ą 0.
Denote by F the saturation of S1 through the flow of X+ until S. For each θ ą 0
and ρ ą 0 small enough, we know from (8) that Σθ ..= tx = θu X F and Σ´ρ ..=
tx = ´ρu X F are transversal to X+. Thus, the flow of X+ induces an exterior map
Pe : Σθ ÝÑ Σ´ρ, which is C2k diffeomorphism. Accordingly, from Lemma 1 and
hypothesis (B), Pe(yθ) = y´ρ and Kθ,ρ ..=
dPe
dy (yθ) ‰ 0. Moreover, one can easy see that
Kθ,ρ ą 0.
In order to prove Theorem C, we shall need the following result.
Lemma 5. lim
θ,ρÑ0 Kθ,ρ = K.
Proof. Notice that, for ρ ą 0 and θ ą 0 small enough, the flow of X+ induces the
following C2k maps,
λθ : S1 Ñ tx = θu X F and λρ : tx = ´ρu X F Ñ SX F,
which satisfies λρ(y´ρ) = 0 and λθ(0) = yθ . Indeed, consider the functions
µ1(t, y, θ) = ϕ1X+(t, 0, y)´ θ, for (0, y) P S1,
and
µ2(t, y, ρ) = ϕ1X+(t,´ρ, y), for (´ρ, y) P tx = ´ρu X F.
Since, µ1(0, 0, 0) = 0 = µ2(0, 0, 0),
Bµ1
Bt (0, 0, 0) =
Bϕ1X+
Bt (0, 0, 0) = 1 ‰ 0, and
Bµ2
Bt (0, 0, 0) =
Bϕ1X+
Bt (0, 0, 0) = 1 ‰ 0,
we get, by the Implicit Function Theorem, the existence of unique smooth functions
t1(y, θ) and t2(y, ρ) such that t1(0, 0) = 0 = t2(0, 0),
µ1(t1(y, θ), y, θ) = 0, and µ2(t2(y, ρ), y, ρ) = 0,
i.e. ϕ1X+(t1(y, θ), 0, y) = θ and ϕ
1
X+(t2(y, ρ),´ρ, y) = 0. Thus,
λθ(y) = ϕ2X+(t1(y, θ), 0, y) and λρ(y) = ϕ
2
X+(t2(y, ρ),´ρ, y).
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Notice that
dλθ
dy
(0) =
Bϕ2X+
Bt (t1(0, θ), 0, 0)
Bt1
By (0, θ) +
Bϕ2X+
By (t1(0, θ), 0, 0)
and
dλρ
dy
(y´ρ) =
Bϕ2X+
Bt (t2(y´ρ, ρ),´ρ, y´ρ)
Bt2
By (y´ρ, ρ) +
Bϕ2X+
By (t2(y´ρ, ρ),´ρ, y´ρ).
Since
Bt1
By (0, 0) = ´
Bϕ1
X+By (0, 0, 0)
Bϕ1
X+Bt (0, 0, 0)
= ´Bϕ
1
X+
By (0, 0, 0) = 0,
Bt2
By (0, 0) = ´
Bϕ1
X+By (0, 0, 0)
Bϕ1
X+Bt (0, 0, 0)
= ´Bϕ
1
X+
By (0, 0, 0) = 0,
and
Bϕ2X+
By (0, 0, 0) = 1,
we get that
(55)
lim
θÑ0
dλθ
dy (0) =
Bϕ2X+
Bt (t1(0, 0), 0, 0)
Bt1
By (0, 0) +
Bϕ2X+
By (t1(0, 0), 0, 0)
=
Bϕ2X+
Bt (0, 0, 0)
[
´Bϕ
1
X+
By (0, 0, 0)
]
+
Bϕ2X+
By (0, 0, 0)
= 1
and
(56)
lim
ρÑ0
dλρ
dy (y´ρ) =
Bϕ2X+
Bt (t2(0, 0), 0, 0)
Bt2
By (0, 0) +
Bϕ2X+
By (t2(0, 0), 0, 0)
=
Bϕ2X+
Bt (0, 0, 0)
[
´Bϕ
1
X+
By (0, 0, 0)
]
+
Bϕ2X+
By (0, 0, 0)
= 1.
Finally, since pi = λρ ˝ Pe ˝ λθ , we conclude that
dpi
dy
(0) =
dλρ
dy
(Pe ˝ λθ(0))dP
e
dy
(λθ(0))
dλθ
dy
(0)
=
dλρ
dy
(y´ρ)Kθ,ρ
dλθ
dy
(0).
Therefore,
(57)
K
Kθ,ρ
=
dλρ
dy
(y´ρ)
dλθ
dy
(0).
The result follows by taking the limit of (57) and using (55) and (56). 
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7.1. Proof of Theorem C. First, we notice that there exists ε0 ą 0 such that
txεu ˆ [yεxε , yεxε + re´
c
εq ] Ă tx = xεu X F,
for all ε P [0, ε0]. In this way, for ε P [0, ε0], 0 ă λ ă λ˚, y P [ε, yερ,λ] and ρ P (ελ, L], we
define the function piε(y) = Pe ˝Uε(y). From Theorem A, we have
(58)
piε(y) = Pe
(
yxε + ε+O
(
ε
2kn
1+2k(n´1)
)
+O(e´c/εq)
)
= Pe
(
yxε + ε+O
(
ε
2kn
1+2k(n´1)
))
= y´ρ + Kxε,ρ
(
ε+O
(
ε
2kn
1+2k(n´1)
))
+O
(
ε+O
(
ε
2kn
1+2k(n´1)
))2
= y´ρ + Kxε,ρε+O
(
ε
2kn
1+2k(n´1)
)
.
Using (24) and (58), we get
piε(y)´ yερ,λ = (Kxε,ρ ´ 1)ε+O(ερ)´ βε2kλ +O(ε(2k+1)λ) +O(ε1+λ) +O
(
ε
2kn
1+2k(n´1)
)
,
where β ă 0. Recall that 0 ă λ ă λ˚. Thus, we shall study the limit lim
ρ,εÑ0
piε(y)´yερ,λ
ε in
three distinct cases.
First, suppose that λ ą 12k . Then,
piε(y)´ yερ,λ
ε
= Kxε,ρ ´ 1+O(ρ) +O(ε2kλ´1).
Hence, by Lemma (5),
(59) lim
ρ,εÑ0
piε(y)´ yερ,λ
ε
= K´ 1.
Now, suppose that λ ă 12k . Then,
piε(y)´ yερ,λ
ε2kλ
= (Kxε,ρ ´ 1)ε1´2kλ +O(ε1´2kλρ)´ β+O(ελ) +O
(
ε
2kn
1+2k(n´1)´2kλ
)
.
Hence, by Lemma (5),
(60) lim
ρ,εÑ0
piε(y)´ yερ,λ
ε2kλ
= ´β ą 0.
Finally, suppose that λ = 12k . Then,
piε(y)´ yερ,λ
ε
= Kxε,ρ ´ 1´ β+O(ρ) +O(ελ) +O
(
ε
2k´1
1+2k(n´1)
)
.
Hence, by Lemma (5),
(61) lim
ρ,εÑ0
piε(y)´ yερ,λ
ε
= K´ 1´ β,
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Now, we prove statement (a) of Theorem C. Since Γ is an unstable hyperbolic limit
cycle, we know that K ą 1. Consequently, all the above limits,(59), (60) and (61), are
strictly positive and, since ε ą 0, there exists δ0 ą 0 such that
0 ă ρ, ε ă δ0 ñ piε(y)´ yερ,λ ą 0.
Hence, piε([ε, yερ,λ])X [ε, yερ,λ] = H, for all ε P (0, δ0). This means that piε has no fixed
points in [ε, yερ,λ] and, equivalently, the regularized system Z
Φ
ε does not admit limit
cycles passing through the section pHερ,λ.
Now, we prove statement (b) of Theorem C. In this case, λ ą 12k . Since Γ is an
asymptotically stable hyperbolic limit cycle, we know that K ă 1. Thus, the limit (59)
is strictly negative and, since ε ą 0, there exists δ0 ą 0 such that
0 ă ρ, ε ă δ0 ñ piε(y)´ yερ,λ ă 0.
Hence, piε(y) ă yερ,λ. Moreover, from (58), we get
lim
ρ,εÑ0
piε(y)´ y´ρ
ε
= K ą 0.
Since ε ą 0, there exists δ1 ą 0 such that
0 ă ρ, ε ă δ1 ñ piε(y)´ y´ρ ą 0.
Hence, piε(y) ą y´ρ, for all ε P (0, δ1). This means that piε([ε, yερ,λ]) Ă [ε, yερ,λ]. From
the Brouwer Fixed Point Theorem, we conclude that piε admits fixed points in [ε, yερ,λ]
and, equivalently, the regularized system ZΦε admits limit cycles passing through the
section pHερ,λ.
In what follows, we prove the uniqueness of the fixed point in [ε, yερ,λ]. Indeed, ex-
panding Pe in Taylor series around y = yεxε , we have that
Pe(y) = Pe(yεxε) +
dPe
dy
(yεxε)(y´ yεxε) +O((y´ yεxε)2).
Thus,
piε(y) = Pe(yεxε +O(e´c/ε
q
))
= Pe(yεxε) +
dPe
dy
(yεxε)O(e´c/ε
q
) +O(e´2c/εq)
= Pe(yεxε) +O(e´c/ε
q
),
and, consequently, |piε(y1)´piε(y2)| = O(e´c/εq), for all y1, y2 P [ε, yερ,λ]. Now, consider
the following function
νε : [ε, yερ,λ] ÝÑ [0, 1]
y ÞÝÑ y
yερ,λ ´ ε
+
ε
ε´ yερ,λ
.
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Notice that ν´1ε (u) = (yερ,λ ´ ε)u + ε. Hence, if rpiε(u) = piε ˝ ν´1ε (u), then
|rpiε(u1)´ rpiε(u2)| = O(e´c/εq),
for all u1, u2 P [0, 1]. Fix l P (0, 1), take u1, u2 P [0, 1], and define the function `(ε) =
(yερ,λ ´ ε)l. There exists ε(u1, u2) ą 0 and a neighborhood U(u1, u2) Ă [0, 1]2 of (u1, u1)
such that
|rpiε(x)´ rpiε(y)| ă `(ε)|x´ y|,
for all (x, y) P U(u1, u2) and ε P (0, ε(u1, u2)). Since tU(u1, u2) : (u1, u2) P [0, 1]2u is
an open cover of the compact set [0, 1]2, there exists a finite sequence (ui1, u
i
2) P [0, 1]2,
i = 1, . . . , s, for which tUi ..= U(ui1, ui2) : i = 1, . . . , su still covers [0, 1]2. Taking ε˘ =
mintε(ui1, ui2) : i = 1, . . . , su, we obtain that
|rpiε(x)´ rpiε(y)| ă `(ε)|x´ y|,
for all ε P (0, ε˘) and (x, y) P [0, 1]2. Finally, since piε(z) = rpiε ˝ ν(z), we get
|piε(x)´ piε(y)| = |rpiε ˝ νε(x)´ rpiε ˝ νε(y)|
ă `(ε)|νε(x)´ νε(y)|
=
`(ε)
yερ,λ ´ ε
|x´ y|
= l|x´ y|,
for all ε P (0, ε˘) and x, y P [ε, yερ,λ]. Thus, we have concluded that piε is a contraction for
ε ą 0 small enough. By the Banach Fixed Point Theorem, piε admits a unique asymptot-
ically stable fixed point for ε ą 0 small enough. Therefore, the regularized system ZΦε
admits a unique asymptotically stable limit cycle Γε passing through the section pHερ,λ,
for ε ą 0 sufficiently small. Moreover, since yερ,λ ´ y´ρ = O(ε) and xε ´ x+ε = O(ε
1
2k ),
we get from differentiable dependency results on parameters and initial condition that
Γε is ε-close to Γ.
8. A CASE OF UNIQUENESS AND NONEXISTENCE OF LIMIT CYCLES
Consider the Filippov system Z = (X+, X´)Σ and assume that
(H) X+ has locally a unique isocline x = ψ(y) of 2k´order contacts with the straight
lines y = ε, ε ą 0 small enough.
From the comments of remark 2 , we shall prove the following proposition.
Proposition 9. Consider a Filippov system Z = (X+, X´)Σ and assume that X+ satisfies
hypotheses (B) and (H) for some k ě 1. For n ě 2k´ 1, let Φ P Cn´1ST be given as (5). Then,
the following statements hold.
(a) If the limit cycle Γ is unstable, then for ε ą 0 sufficiently small the regularized system
ZΦε (4) does not admit limit cycles converging to Γ.
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(b) If the limit cycle Γ is asymptotically stable, then for ε ą 0 sufficiently small the regu-
larized system ZΦε (4) admits a unique limit cycle Γε converging to Γ. Moreover, Γε is
hyperbolic and asymptotically stable.
8.1. Mirror maps in the regularized system. Consider the nonsmooth vector field
Z = (X+, X´) and assume that X+ satisfies hypotheses (A) and (H) for some k ě 1.
For n ě maxt2, 2k ´ 1u, let Φ P Cn´1ST be given as (5) and consider the regularized
system ZΦε (4). In what follows, we shall see that, for each (x, ε) P ty = εu near to
(ψ(ε), ε) there exists a unique small time t(x, ε) satisfying t(x, ε) = 0 if, and only if,
x = ψ(ε) and ϕZΦε (t(x, ε), x, ε) P ty = εu. In this case, we can define the following map
ρε : V´ψ(ε) Ă ty = εu ÝÑ V+ψ(ε) Ă ty = εu
(x, ε) ÞÝÑ ϕZΦε (t(x, ε), x, ε).
where V´
ψ(ε)
= (ψ(ε) ´ δε´ ,ψ(ε)] ˆ tεu and V+ψ(ε) = [ψ(ε),ψ(ε) + δ+ε ] ˆ tεu, for some
positive real numbers δε´ , δ+ε . Notice that ρε(ψ(ε), ε) = (ψ(ε), ε). The map ρε is called
Mirror Map associated with ZΦε at ψ(ε) (see figure 17).
ψ(ε)
p
(x, ε) ρε(x, ε)
Σ
y = ε
x = ψ(y)
FIGURE 17. Mirror Map ρε of ZΦε at ψ(ε).
First, consider the horizontal and vertical translations u = x´ ψ(ε) and v = y´ ε,
respectively. Notice that (u, v) = (0, 0) is a point on the isocline u = ψ(y)´ ψ(ε) in
the (u, v)´coordinates. Define the vector fields X+ε (u, v) := X+(u + ψε(ε), v + ε) andrZΦε (u, v) := ZΦε (u + ψ(ε), v + ε). Expanding pi2 ˝ ϕrZΦε (t, u, 0) in Taylor series around
t = 0, we get
(62) pi2 ˝ ϕrZΦε (t, u, 0) =
2kÿ
i=1
(X+ε )ih(u, 0)
i!
ti +O(t2k+1).
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From the construction of section 3, it is easy to see that
(63) (X+ε )
ih(u, 0) =
αε(2k´ 1)!
(2k´ i)! u
2k´i +O(u2k´i+1),
for each i P t1, ¨ ¨ ¨ , 2ku, where
αε =
1
(2k´ 1)!
B2k´1 fε
Bu2k´1 (0, 0) ą 0 and fε(u, v) =
pi2 ˝ X+(u + ψ(ε), v + ε)
pi1 ˝ X+(u + ψ(ε), v + ε) .
Notice that α0 = α ą 0. Now, we define the map
S(s, u, ε) =
2k
αεu2k
pi2 ˝ ϕrZΦε (su, u, 0).
Using (62) and (63) we can rewrite S as
S(s, u, ε) = ´1+ (1+ s)2k +O(u, ε).
Since S(´2, 0, 0) = 0 and BSBs (´2, 0, 0) = ´2k ă 0, by Implicit Function Theorem we
know that there exists a smooth function s(u, ε) such that s(0, 0) = ´2 and S(s(u, ε), u, ε) =
0. From the definition of S for t(u, ε) = us(u, ε), we get that pi2 ˝ ϕrZΦε (t(u, ε), u, 0) = 0.
Finally, expanding s around (u, ε) = (0, 0) we get that s(u, ε) = ´2 +O(u, ε). Conse-
quently, we can define the map rρε in a neighborhood V0 Ă Σ of (0, 0) by
rρε(u, 0) = u + t(u, ε) = ´u +O(u2, εu).
Therefore, going back to the original coordinates, we conclude that
ρε(x, ε) = ´x + 2ψ(ε) +O
(
(x´ ψ(ε))2, ε(x´ ψ(ε))) .
In this way, we get the result.
8.2. The first return map piε. To prove Proposition 9 we need to define the first return
map piε of ZΦε at the limit cycle Γε, for ε ą 0 sufficiently small.
First of all, take ρ, ε ą 0 small enough in order that the intersections of the trajectory
of ZΦε starting at (ψ(ε), ε) with the sections tx = ´ρu and tx = xεu are contained
in U, namely (´ρ, yε´ρ) and (xε, yεxε), respectively. Since pi1 ˝ X+(´ρ, yε´ρ) ‰ 0 and
pi1 ˝ X+(xε, yεxε) ‰ 0, then tx = ´ρu and tx = xεu are transversal sections of X+
at the points (´ρ, yε´ρ) and (xε, yεxε), respectively. Hence, by Theorem A in [7] we
know that there exist the transition maps Tuε : [ψ(ε), xε]ˆ tεu ÝÑ tx = xεu and Tsε :
[´ρ,ψ(ε)]ˆ tεu ÝÑ tx = ´ρu defined by
Tuε (x) = y
ε
xε + κ
u
xε,ε(x´ ψ(ε))2k +O
(
(x´ ψ(ε))2k+1
)
,
Tsε (x) = y
ε
´ρ + κ
s
ρ,ε(x´ ψ(ε))2k +O
(
(x´ ψ(ε))2k+1
)
,
(64)
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where sign(κuxε,ε) = ´sign((X+)2kh(ψ(ε))) = sign(κsρ,ε), i.e. κuxε,ε, κsρ,ε ă 0. Using the
Implicit Function Theorem, it is easy to see that
(Tsε )
´1(y) = ψ(ε)´ 2k
d
1
´κsρ,ε (y
ε
´ρ ´ y)
1
2k +O
(
(yε´ρ ´ y)1+
1
2k
)
.
Now, we know that there exists a diffeomorphism D : tx = xεu ÝÑ tx = ´ρu given
by
D(y) = yε´ρ + K
ε
xε,ρ(y´ yεxε) +O((y´ yεxε)2).
Finally, we get the first return map piε : tx = ´ρu ÝÑ tx = ´ρu of ZΦε at the limit cycle
Γε, which is defined as
(65)
piε(y) = D ˝ Tuε ˝ ρε ˝ (Tsε )´1(y)
= yε´ρ ´
Kεxε,ρκ
u
xε,ε
κsρ,ε
(yε´ρ ´ y) +O((yε´ρ ´ y)p) +O(ε),
for some p ą 1.
8.3. Proof of Proposition 9. First of all, if for ε ą 0 sufficiently small Γε is a limit cycle
of the regularized system ZΦε (4) such that Γε converging to Γ, i.e. there exists a fixed
point (´ρ, yρε ) P tx = ´ρu of piε such that lim
εÑ0 y
ρ
ε = y´ρ, then by (65) we get
dpiε
dy
(y) =
Kεxε,ρκ
u
xε,ε
κsρ,ε
+O
(
(yε´ρ ´ y)p´1
)
.
Thus, using Lemma 5 we have that
lim
ε,ρÑ0
dpiε
dy
(yρε ) = K.
Hence, if Γ is unstable (resp. asymptotically stable), then K ą 1 (resp. K ă 1). Con-
sequently, Γε is hyperbolic and unstable (resp. hyperbolic and asymptotically stable),
for ε ą 0 sufficiently small.
The proof of the first statement is by contradiction. Suppose that there exists a limit
cycle Γε of ZΦε such that Γε converges to Γ, for ε ą 0 small enough. Consider the
region Bε delimited by the curves x = ´ρ, the limit cycle Γε and the Fenichel manifold
Sa,ε associated with ZΦε , (see figure 18). It is easy to see that Bε is positively invariant
compact set, and has no singular points (because Γε converges to the regular orbit Γ),
for ε ą 0 small enough. For ε ą 0 sufficiently small choose qε P Bε from the Poincare´–
Bendixson Theorem ω(qε) Ă Bε is a limit cycle of ZΦε that is not unstable, absurd.
Now, we shall prove the second statement. Indeed, from the Theorem C, for ε ą 0
small enough, we know that ZΦε admits a asymptotically stable limit cycle Γε converg-
ing to Γ. Moreover, from above we have that Γε is hyperbolic. Finally, we claim that
Γε is the unique limit cycle with these properties. Indeed, suppose that there exists
another limit cycle rΓε converging to Γ, hyperbolic and asymptotically stable. Now,
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Sa,ε
x = ´ρ
Γε
Σ
y = ε
Bε
FIGURE 18. The region Bε.
consider the region Rε delimited by the limit cycles Γε and rΓε. Notice that Rε is nega-
tively invariant compact set and has no singular points (because Γε and rΓε converges
to the regular orbit Γ), for ε ą 0 small enough. For ε ą 0 sufficiently small choose
qε P Rε, from the Poincare´–Bendixson Theorem we can conclude that α(qε) Ă Rε is a
limit cycle of ZΦε that is not asymptotically stable, absurd.
9. PIECEWISE POLYNOMIAL EXAMPLE
This section is devoted to provide examples of piecewise polynomial transition
functions and piecewise polynomial vector fields satisfying the hypotheses of The-
orem C.
Proposition 10. For n ě 1, consider
φn(x) = (´1)n (2n + 1)!22n(n!)2
ż x
0
(s´ 1)n(s + 1)nds.
Define Φn : R Ñ R as Φn(x) = φn(x) for x P (´1, 1), and Φn(x) = sign(x) for |x| ě 1 .
Then, Φn P CnST for every positive integer n.
Proof. Notice that φn(˘1) = ˘1 and
φ1n(x) = (´1)n (2n + 1)!22n(n!)2 (x´ 1)
n(x + 1)n.
Thus, φ1n(x) ą 0 for all x P (´1, 1), φ(i)n (˘1) = 0 for i = 1, . . . , n, and
φ
(n+1)
n (˘1) =
nź
i=1
(¯1)n(2i + 1) ‰ 0.
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Consequently, Φn P CnST. 
Now, consider the planar vector field Z = (X+, X´), with X+(x, y) = (X+1 (x, y), X
+
2 (x, y))
and X´(x, y) = (0, 1), where
X+1 (x, y) = ´x(´1+ x2k) + (´1+ y)2k´1(´1+ x´ xy),
and
X+2 (x, y) = x
2k´1 ´ (´1+ x2k + (´1+ y)2k)(´1+ y), for k ą 1.
Define Σ = h´1(0), with h(x, y) = y. Notice that the vector field Z has a 2k-order con-
tact with Σ at (0, 0). Indeed, (X+)ih(0, 0) = 0, for i = 1, . . . , 2k´ 1, and (X+)2kh(0, 0) =
(2k ´ 1)!. Now, let H(x, y) = 1 ´ x2k ´ (y ´ 1)2k and consider the level curve Γ =
H´1(0). Notice that
xDH(x, y), X+(x, y)y
ˇˇˇ
H´1(0)
= 0,
thus, Γ is invariant through the flow of X+. Moreover, X+ has no singularities in
H´1(0). Then, by the Poincare´ Bendixon Theorem, Γ is a periodic orbit of X+. Further-
more, for (x, y) P Γ, we get
divX+(x, y) =
BX+1
Bx (x, y) +
BX+2
By (x, y) = ´2k ă 0.
Thus, given γ any parametrization of Γ, T its period, and S a transversal section of X+
at 0 P γ, we have that the derivative of Poincare´ map pi : S0 Ă S Ñ S is given by
dpi
dt
(0) = exp
[ ż T
0
divX+(γ(t))
]
= e´2kT.
Consequently, we conclude that Γ is an asymptotically stable hyperbolic limit cycle of
X+.
Therefore, by Theorem C, we conclude that the regularized system ZΦε with Φ P
Cn´1ST admits a unique asymptotically stable limit cycle Γε passing through the sectionpHερ,λ = [´ρ,´ελ] ˆ tεu, for ε ą 0 sufficiently small (see Figure 19). Moreover, Γε is
ε-close to Γ.
APPENDIX: PROOF OF PROPOSITION 4
Consider the compact region
B =
"
(x, py) : ´L ď x ď ´ελ, m0(x)´ εKn?x2k(n´2)+2 ď py ď m0(x)
*
.
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FIGURE 19. Vector field Z and its regularized system ZΦε . The figure on
the left shows the hyperbolic limit cycle Γ passing through the visible
2k-order contact with Σ at (0, 0) and the figure on the right shows the
limit cycle Γe, for n = 6, k = 2 and Φ P C5ST with φ(u) = ´ 63319 u11 +
35
29 u
9 ´ 9029 u7 + 12629 u5 ´ 10529 u3 + 6329 u.
We shall prove that the vector field (12) points inwards B in the following three bound-
aries of B,
B´ =
!
(x, py) : ´L ď x ď ´ελ, py = pyε(x) = m0(x)´ εKn?x2k(n´2)+2) ,
B+ =  (x, py) : ´L ď x ď ´ελ, py = m0(x)( , and
Bl =
!
(´L, py) : m0(´L)´ εKn?L2k(n´2)+2 ď py ď m0(´L)) .
On the border B´, the vector field (12) writes
ZΦε (x, pyε(x)) = (ε (1+Φ (pyε(x))) , 1+ f (x, εpyε(x)) +Φ(pyε(x))( f (x, εpyε(x))´ 1)).
A normal vector of B´ is given by
nε´ (x) =
(
m10(x)´ Kε(2k(n´2)+2)n n?|x|(2k+1)(n´2)+4 ,´1
)
.
Thus, it is enough to see that
xZΦε (x, pyε(x)), nε´ (x)y = [ε(1+Φ(pyε(x)))(m10(x)´ Kε(2k(n´2)+2)n n?|x|(2k+1)(n´2)+4
)]
´
[
1+ f (x, εpyε(x)) +Φ(pyε(x))( f (x, εpyε(x))´ 1)]
ă 0.
(66)
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Now, expanding in Taylor series Φ(pyε(x)) and ϑ(x, εpyε(x)) around ε = 0, we have
Φ(pyε(x)) = Φ(m0(x))´ Φ1(m0(x))Kn?x2k(n´2)+2 ε+
n´1ÿ
l=2
(´1)lΦ(l)(m0(x))Kl
n
?
x2lk(n´2)+2l
εl
l!
+ s(x, ε),
ϑ(x, εpyε(x)) = ϑ(x, 0) + r(x, ε),
where s(x, ε) and r(x, ε) are the Lagrange remainders of Φ(pyε(x)) and ϑ(x, εpyε(x)) re-
spectively, i.e. for some c, d P (0, ε), we get
(67)
s(x, ε) =
[
(´1)nΦ(n) (pyc(x))Kn
x2k(n´2)+2
]
εn
n!
, and
r(x, ε) =
[
ϑy (x, dpyd(x))(m0(x)´ 2dKn?x2k(n´2)+2
)]
ε.
Notice that, the inequality (66) can be written as
L(x, ε) + T(x, ε) +O(x, ε) ă 0,
where
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L(x, ε) = ε
[
m10(x)(1+Φ(m0(x))) +
Φ1(m0(x))K( f (x,0)´1)
n?x2k(n´2)+2
´m0(x)(1+Φ(m0(x)))ϑ(x, 0)
]
,
T(x, ε) = ´ε2 m
1
0(x)Φ
1(m0(x))K
n
?
x2k(n´2)+2
+ ε3
K2(2k(n´ 2) + 2)Φ1(m0(x))
n n
b
|x|(4k+1)(n´2)+6
+ε2
m0(x)ϑ(x, 0)Φ1(m0(x))K
n
?
x2k(n´2)+2
+ ε2
Kϑ(x, εpyε(x))(1+Φ(m0(x)))
n
?
x2k(n´2)+2
´ ε
3K2ϑ(x, εpyε(x))Φ1(m0(x))
n
?
x4k(n´2)+4
´ εm0(x)r(x, ε)(1+Φ(m0(x))
+ε2
m0(x)r(x, ε)Φ1(m0(x))K
n
?
x2k(n´2)+2
+ ε
n´1ÿ
l=2
(´1)lΦ(l)(m0(x))Klm10(x)
n
?
x2lk(n´2)+2l
εl
l!
´ε2
n´1ÿ
l=2
(´1)lΦ(l)(m0(x))Kl+1(2k(n´ 2) + 2)
n n
?
x(2k(l+1)+1)(n´2)+2l+4
εl
l!
´
n´1ÿ
l=2
(´1)lΦ(l)(m0(x))Kl
n
?
x2lk(n´2)+2l
εl
l!
εpyε(x)ϑ(x, εpyε(x))
+
(
εm10(x)´ ε2 K(2k(n´2)+2)n n?|x|(2k+1)(n´2)+4 ´ εpyε(x)ϑ(x, εpyε(x))
)
s(x, ε),
O(x, ε) = (´ f (x, 0) + 1) s(x, ε)´ ε2 K(2k(n´ 2) + 2)(1+Φ(m0(x)))
n n
b
|x|(2k+1)(n´2)+4
+
n´1ÿ
l=2
(´1)lΦ(l)(m0(x))Kl
n
?
x2lk(n´2)+2l
εl
l!
(´ f (x, 0) + 1).
Now, we shall prove that the functions L, T and O can be bounded. Indeed, by (28)
and (26), we have that, L(x, ε) can be bounded, choosing K big enough depending on
C2, L, n, k, α, M, Mmin, and ϑmin, where
‚ M is such that |g(x)| ď M|x|2k for all ´L ď x ď 0.
‚ ĂM is such that |rg1(x)| ď ĂM|x| for all ´L ď x ď 0 with g1(x) = x2k´2rg1(x).
‚ Mmin is a positive constant such that α(2k ´ 1) + rg1(x) ě Mmin, for all x P
[´L, 0].
‚ ϑmin = mintpyϑ(x, 0) : ´L ď x ď 0,´1 ď py ď 1u.
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ε
[
m10(x)(1+Φ(m0(x))) +
Φ1(m0(x))K( f (x, 0)´ 1)
n
?
x2k(n´2)+2
´m0(x)(1+Φ(m0(x)))ϑ(x, 0)
]
= ε
[
(m10(x)´m0(x)ϑ(x, 0))(1+Φ(m0(x))) +
Φ1(m0(x))K( f (x, 0)´ 1)
n
?
x2k(n´2)+2
]
ď ε
[
(C2|x|´ n´2k+1n ´ ϑmin)
(
2
1´ f (x, 0)
)
´ (2α(2k´ 1)x
2k´2 + 2g1(x))K
C2|x|´ n´2k+1n (1´ f (x, 0)) n
?
x2k(n´2)+2
]
ď ε
[
2C2|x|2k´2+ n´2k+1n (C2|x|´ n´2k+1n ´ ϑmin)´ (2α(2k´ 1)x2k´2 + 2x2k´2rg1(x))K
C2(1´ f (x, 0))|x|2k´2+ n´2k+1n
]
ď ε
[
2C2(C2 + |x| n´2k´1n |ϑmin|)´ (2α(2k´ 1) + 2rg1(x))K
C2(1´ f (x, 0))|x| n´2k+1n
]
ď 2C2(C2 + L
n´2k+1
n |ϑmin|)´ 2MminK
C2(1´ f (x, 0))
ε
n
a|x|n´2k+1
ď 2C2(C2 + L
n´2k+1
n |ϑmin|)´ 2MminK
C2(1+ L2k´1(α+ ML))
ε
n
a|x|n´2k+1
ď ´2 ε
n
a|x|n´2k+1 .
Now, we need to bound the function T(x, ε). Using (26) and (28), we obtain
ˇˇˇ
ε2
m10(x)Φ1(m0(x))K
n?x2k(n´2)+2
ˇˇˇ
ď d1ε εn?|x|n´2k+1 ,ˇˇˇˇ
ε3 K
2(2k(n´2)+2)Φ1(m0(x))
n n
?
|x|(4k+1)(n´2)+6
ˇˇˇˇ
ď d2ε εn?|x|n´2k+1 ,ˇˇˇ
ε2m0(x)ϑ(x,0)Φ1(m0(x))K
n?x2k(n´2)+2
ˇˇˇ
ď d3ε εn?|x|n´2k+1 ,ˇˇˇ
ε2Kϑ(x,εpyε)(1+Φ(m0(x)))
n?x2k(n´2)+2
ˇˇˇ
ď d4ε εn?|x|n´2k+1 ,ˇˇˇ
ε3K2ϑ(x,εpyε)Φ1(m0(x))
n?x4k(n´2)+4
ˇˇˇ
ď d5ε εn?|x|n´2k+1 ,
|εm0(x)r(x, ε)(1+Φ(m0(x))| ď d6ε εn?|x|n´2k+1 ,ˇˇˇ
ε2 m0(x)r(x,ε)Φ
1(m0(x))K
n?x2k(n´2)+2
ˇˇˇ
ď d7ε εn?|x|n´2k+1 ,
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where
d1ε = (2α(2k´ 1) + 2ĂML)Kε1´λ( n´2k+1n ),
d2ε =
K2(2k(n´2)+2)(2α(2k´1)+2ĂML)
nC1
ε
2´λ
(
(2k+1)(n´2)+4
n
)
,
d3ε =
|ϑmax|(2α(2k´1)+2ĂML)K
C1
ε,
d4ε = 2K|ϑmax|ε1´λ
(
(2k´1)(n´1)
n
)
,
d5ε =
K2|ϑmax|(2α(2k´ 1) + 2ĂML)
C1
ε
2´λ
(
2k(n´2)+2
n
)
,
d6ε = 2|ϑym |(L
2k(n´2)+2
n + 2dK)ε1´λ
(
(2k´1)(n´1)
n
)
,
d7ε =
|ϑym |(L
2k(n´2)+2
n + 2dK)(2α(2k´ 1) + 2ĂML)K
C1
ε
2´λ
(
2k(n´2)+2
n
)
,
ϑym = maxtϑy(x, py) : ´L ď x ď 0,´1 ď py ď 1u,
ϑmax = maxt py1ϑ(x, py2) : ´L ď x ď 0,´1 ď py1, py2 ď 1u.
To bound the last terms of T, notice that by (30), we get
(68) Φ(l)(py) = Φ(n)(1)
(n´ l)! (py´ 1)n´l +O((py´ 1)n´l+1), 2 ď l ď n´ 1,
for py sufficiently near to 1. In the particular case py = m0(x) for x P [´L, 0], we have
(69) Φ(l)(m0(x)) = (m0(x)´ 1)n´l
(
Φ(n)(1)
(n´ l)! + ζ(x)
)
,
with ζ(x) = O(m0(x)´ 1), thus there exists a positive constant xM such that |ζ(x)| ďxM|m0(x)´ 1|. Therefore, by the above information about ζ and the first inequation in
(28) for ´L ď x ď 0, we obtainˇˇˇ
Φ(l)(m0(x))
ˇˇˇ
ď Cn´l2 |x|
(2k´1)(n´l)
n
(
|Φ(n)(1)|
(n´ l)! +
xMC2L 2k´1n ) ,
i.e. for each l P [2, n ´ 1] we have |Φ(l)(m0(x))| ď Cl for all ´L ď x ď 0, with
Cl = Cn´l2 L
(2k´1)(n´l)
n rCl and rCl = |Φ(n)(1)|(n´l)! + xMC2L 2k´1n . Consequently,ˇˇˇ
ε
řn´1
l=2
(´1)lΦ(l)(m0(x))Klm10(x)
n?x2lk(n´2)+2l
εl
l!
ˇˇˇ
ď d8ε εn?|x|n´2k+1 ,ˇˇˇˇ
ˇε2 n´1ÿ
l=2
(´1)lΦ(l)(m0(x))Kl+1(2k(n´ 2) + 2)
n n
?
x(2k(l+1)+1)(n´2)+2l+4
εl
l!
ˇˇˇˇ
ˇ ď d9ε εn?|x|n´2k+1 ,ˇˇˇˇ
ˇn´1ÿ
l=2
(´1)lΦ(l)(m0(x))Kl
n
?
x2lk(n´2)+2l
εl
l!
εpyε(x)ϑ(x, εpyε(x))
ˇˇˇˇ
ˇ ď d10ε εn?|x|n´2k+1 ,
where
‚ d8ε =
řn´1
l=2
ClKlC2
l! ε
l´λ
(
2kl(n´2)+2l
n
)
,
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‚ d9ε =
řn´1
l=2
ClKl+1(2k(n´2)+2)
l!n ε
l+1´λ
(
2k(l+1)(n´2)+2l+2k+1
n
)
,
‚ d10ε =
řn´1
l=2
Cn´l2 Kl |ϑmax| rCl
l! ε
l´λ
(
(2k(n´1)+1)(l´1)
n
)
.
Finally, using that, for any η1 ą 0, there exists Cn ą 0 such that
|Φ(n)(py)| ď Cn, for 1´ η1 ď py ď 1,
and using that, for ε ą 0 small enough
(70) 1´
(
C2L
2k´1
n + ε
1´λ
(
2k(n´2)+2
n
)
K
)
ď pyc(x) ď 1,
if ´L ď x ď ´ελ and also by (67), one hasˇˇˇˇ(
εm10(x)´ ε2 K(2k(n´2)+2)n n?|x|(2k+1)(n´2)+4 ´ εpyεϑ(x, εpyε)
)
s(x, ε)
ˇˇˇˇ
ď d11ε εna|x|n´2k+1 ,
with
d11ε =
(
C2ε1´λ(
n´2k+1
n ) +
K(2k(n´ 2) + 2)
n
ε2´λ(
(2k+1)(n´2)+4
n ) + ε|ϑmax|
)
¨CnK
n
n!
ε
n´1´λ
(
(2kn+1)(n´2)+2k+1
n
)
.
Since 0 ă λ ď λ˚ one has that limεÑ0 diε = 0, for all i P t1, . . . , 11u, hence for ε ą 0
small enough, we get
|T(x, ε)| ď
11ÿ
i=1
diε
ε
n
a|x|n´2k+1 ď 12 εna|x|n´2k+1 .
Now, we shall prove that the function O(x, ε) ă 0 for all x P [´L,´ελ] and ε ą
0 small enough. Indeed, since for each n ě 2, we know that (´1)nφ(n)(1) ă 0,
then (´1)nφ(n)(py) ă 0, for all py sufficiently close to 1 and by (70) we obtain that
(´1)nφ(n)(pyc(x)) ă 0, for all x P [´L,´ελ] and ε sufficiently enough. Hence, by (67)
we have that s(x, ε) ă 0 for all x P [´L,´ελ] and ε ą 0 small enough. Therefore,
(´ f (x, 0) + 1)s(x, ε) ă 0,
for all x P [´L,´ελ] and ε ą 0 small enough. After that, using (69) we can conclude
that (´1)lφ(l)(m0(x)) ă 0, for all x P [´L, 0] and l P t2, . . . , n´ 1u. Consequently,
n´1ÿ
l=2
(´1)lΦ(l)(m0(x))Kl
n
?
x2lk(n´2)+2l
εl
l!
(´ f (x, 0) + 1) ă 0,
for all x P [´L,´ελ] and ε ą 0 small enough. Last of all, as 1 +Φ(m0(x)) ą 0, for all
x P [´L, 0], we get
´ε2 K(2k(n´ 2) + 2)(1+Φ(m0(x)))
n n
b
|x|(2k+1)(n´2)+4
ă 0,
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for all x P [´L,´ελ] and ε sufficiently small. Of this way, we obtained the result.
Finally, we conclude that
xZΦε (x, pyε(x)), nε´ (x)y ď L(x, ε) + |T(x, ε)|+O(x, ε)
ď (´2+ 12) εn?|x|n´2k+1 ă 0.
Therefore, the vector field ZΦε points inward B along B´.
In the border B+ the vector field ZΦε in (12) is of the form
ZΦε =
(
ε(1+Φ(m0(x)))
2
,
εm0(x)ϑ(x, εm0(x))(1+Φ(m0(x)))
2
)
,
and the normal vector is n+(x) = (m10(x),´1), thus using the second inequation in
(28) for ´L ď x ď ´ελ, we get
xZΦε , n+(x)y = ε2
(
1+Φ(m0(x))
)(
m10(x)´m0(x)ϑ(x, εm0(x))
)
ě ε2
(
2
1´ f (x,0)
)(
m10(x)´ ϑmax
)
ě ε2
(
2
1´ f (x,0)
)(
C1
L
n´2k+1
n
´ ϑmax
)
ą 0,
for L enough small, therefore the flow points inward B along this border.
Finally, at the boundary Bl one has that x1 ą 0 thus the flow points inward B.
Now, from the Poincare´–Bendixson Theorem we know that any orbit entering B stays
in it until it reaches x = ´ελ. Moreover, we know that the invariant manifold Sa,ε at
x = ´L is given by
m(´L, ε) = m0(´L) + εm1(´L) +O(ε2).
Using (28) and since L is small enough one has that
m10(´L)´m0(´L)ϑ(´L, 0) ě C1
L
n´2k+1
n
´ ϑmax ą 0,
thus from (27) m1(´L) ă 0. Therefore, adjusting the constants to have
K ě ´L 2k(n´2)+2n m1(´L),
the manifold enters B and satisfies (32) for ´L ď x ď ´ελ.
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